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CHAPTER I

INTRODUCT ION

1.1 Descrigtion‘ of Content

Suppose that FzcRn * Rn is continuously differentiable on

the bounded, open domain .3 and J(F), the Jaeobien of F, is nonzero

at the ‘points X 2.0 for which PC!) = 1’. Then d(F,-U,Y), the degree

of E at Y with reagent to .23, is defined to be the number of points

X a  with EU!) = Y and J(F)(X) > 0, minus the number of such X for

which J(F)(X) < 0, provided Fm yéy for x on the boundary of .5.

This concept can be generalized (-[l] Ch. XII for the original

scheme or [26] pp. 147-165) so that d(F,Jf,Y) is defined for F which

are only continuous can and F0!) 76Y, X on the boundary. For such F,

the Krbneeker existence theorem ([25] or [1]) states that, if d(F,°6',Y)

7! 0, there exists at least one X Ea'D'with F(X) = Y. For this reason,

computation of d(F,¢£f,Y) is of interest in solving systems of non-

linear equations (see [8] for a discussion of usefulness).

Methods of computing d(F,JJ,Y) include quadrature schemes,

for the degree can be expressed under suitable assumptions in terms

of the Heinz integral [26] or the Kronecker integral ([1] or [14]).

The met.th most similar tn the one first developed in this disserta-

tion is related to the Kronecker integral. For that method, Stenger

[30] characterized the degree. in terms of certain determinants, then



calculated it by evaluating those determinants. An advantage of that

method (517%.) over some quadrature schemes was that F needed to be

evaluated only to sufficient accuracy to determine the algebraic sign.

The first method developed in this dissertation comes from

ideas in [50]. Required notation and several well—known characteriza-

tions of d(F’o6,'Y) are mentioned in Chapter 31. In Chapter III,

characterizations to he used for machine computation appear. One

of these, due to Stenger (ibid.), expresses the degree in terms of

determinants of matrices with entries 1 1, while the other giVes the

degree directly in terms of matrices with entries i1. This latter

characterization is proven in detail.

Chapter IV deals with an algorithm for computing ‘d(F,P,Y),

where P is a polygon. The theory is deVelopea to allow one to

economize on both time and computer storage space. An example is

then worked using this algorithm.

In Chapter V the algorithm for computing d(F,P,¥) is em—

ployed in a method of finding the roots of a system of nonlinear-

equations. This method, embodied in Algorithm 5.3.1, does not require

F to be differentiable.

In Chapter VI 8 relationship between the scheme for cal-

culation of d(F,P,Y)= based on Section 3.2 (the second characteriza-

tion of d(F,P,Y)) and a labeling scheme to define Sperner simplexea

is presented. Other search routines for Sperner aimlexes are briefly



5

described and compared. Also, a search routine for a Sperner simplex

which uses concepts about a labeling scheme for nodes in binary trees

(presented in Chayter IV) is outlined.

In Chayter VII applications are considered. These include

finding stationary points (optimization), calculating linking numbers

(see [1] Ch. XII), and solving the hidden line: problem (the hidden

line problem can he stated as: "does a given curve pass through a

surface in R
"

or "does a curve or point lie in front of or behind

a surface in R5"). Calculating d(F,aO,Y), where .515 not necessarily

a polygon, is also discussed.

1.2 Backgmund for the Wogk

Various other topological methods for finding roots of

systems of nonlinear equations or fixed points of maps in B“ have

been investigated. Such procedures, including the method in this

work, may be the only yz‘ocedures to give meaningful approximations when

a system is highly nonlinear, or may be the only ones to conVerge

to fixed points other than "attractive" ones (See 15], esp. p. 2,

[26], p. 185, and [26], cu. 10). Scarf [27] presented one of the

most famous with techniques similar to applications of Spemer's

lemma ([6], pp. 417—421). The exchange algorithm [27] may perform

efficiently when ,6 is an n-simplex and F is given in terms of

baryceutric coordinates. If .0 can be transformed to an n—cu'be, then



methods from Allgower and Keller ([29] with [21]) may he used.

Variants and related methods are under investigation [‘9].

For the shore methods, one usually assumes that Fab->96

in order to find e fixed point. It is often sufficient, however, to

know that F - I’ where I is the identity may, has a root in .0. The

existence of such roots can be determined with a desired probability

by Algorithm 4.4.1 (the degree computation algorithm).

There is a close relationship between labelings for Sperner

simplexes, the degree computation algorithm, Algorithm 5.3.]. (the

generalized method of bisection), and the methods in [27] and [29].

This relationship will be described in Chapter VI. Algorithm 6.5.1,

involving both Sperner simplexes and theory from Section 4.2 (dealing

with labeling schemes for elements of simplicial subdivisions) also

appears .

l. 3 Pmblems Encountered

Problems encountered with some or all of the topological

methods mentioned above are similar. For the method in [27], yoints

on a grid are chosen a priori; other schemes may have similar limita—

tions. In all of the methods, including those of this work, true

fixed points may be "missed."

The generalized method of bisection may require more memory

than the method in [27] or [29], but uses the additional technique



of calculating d(F,e6,9h). For this reason, it may be more power-

ful in some instances than other methods.

Nonetheless, Algorithm 4.4.1 (to campute d(F,P,Sn))cannot

be used to calculate d(F,.0,en) with absolute certainty. when the

characterization in terms of determinants (in lieu of Theorem 3.2.10.

the other characterization) provides the basis for an algorithm

analogous to Algorithm 4.4.1., 5 higher degree of certainty is attained

at the expense of computation time. IndePendently of the above modi—

fication, parameters in the degree computation algorithm can also be

chosen so that more computation is done, but the computed value of

annexe“) has a better chance of being correct. Such additional

computations may then be used later in Algorithm 5.5.]. (the gen-

eralized method of bisection).

A method. for quickly calculating the special determinants

in the determinant characterization (Theorem would improve

the degree computation (Algorithm 4.4.1) and Algorithm 5.3.1 con—

siderably.



CHAPTER II

NOTATION FOR THE REGION AND THE CONCEPT OF DEGREE

In the first section of this chaptei’the notation used

thraughout the rest of this work is introduced. In the second sec-

tien, the degree of a map with respect to a polygonal region is de-

fined, its significance is discussed, and useful characterizations

are given.

2.1 The Region

The notation in this section will describe the region over

which the degree is defined.

2.1.1 Definition. Suppose that [XOQLUUUXR],u 5 n, is a

set of of points in Rn, so that [Xk
- Rani:lis a linearly independent

set of n-vectors. Then the g-eimlex S = (K ,xl,...,xu) syanned

by [XO,...,XMJis the closed convex hull of these points, i.e., it

is the set {itgykkak2 o and 2:???
= 1.

2.1.? Definition. The points Xk,k
= 0,...“ are called the

extreme pcihts or vertices of S.

In Re, e Z-eimplex is simply a triangle while in R3, :3

5~simplex is a tetrahedron. A l>simplex (A,B) denotes a line segment

whose endyoints are A and B.



We next define orientations with the following two defini-

tions .

2.1.5 Definition. If Z1, . . .,Zl1 are row Vectors in Rn,
then (Z ... Z ) is the determinant of the matrix whose k-th row1’ ’ n

is Zk.

2.1.4 Definition. If s =

(xo,...,xn) is an n—simple’x in R“,
then one assigns a positive or negative orientation to 3 according

to whether the determinant An((l,xo)...,(l,xn)) is a positive or nega-

tive (see [1.] Ch. 4, §Z,#l and [l], Anhang II).

If the k-th and m-th points (m pék) of s =

(X0,“4%.”,
Km,. .

.,

One writes; (xo,...,xm,...,xk,...,xn) =

-(xo,...,xk,...,xm,...,xn).

X“)are interahansed, then the orientation of S is reverseé.

ngosite orientations of a triangle in R2 are illustrated

in Fig. 2.1 and Fig. 2.2.

In general, an odd. permutation of the list of points of S

changes the orientation, whereas an even permutation does not.

If P is a union of u—dimeneional polygons in R“, then P

can be written as the union 9f a finite number of u-simplexes in R11

with the property that the intersection of any two of these simplexes

has empty interior. (We define a H—dimeneicnel polygon as a connected

union of u—simplexes). If these simplaxes ere $1,...,SK, thennone

writes P = $15k.
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x
.

X1 2

S =

(X1,X2,X3)

FIGURE 2.1

POSITIVE ORIENTATION
X

3

T =

{X1,X3.X2)
= -5

FIGURE 2.2

NEGATIVE ORIENTATION



An example is given in Fig. 2.3. There, the topological

boundary of P can be thought of as being "traversed" in the direction

depicted. When the bounaries of SI and 82 are also traversed in

this manner, the segment (A,C) in the interior of P is covered in

opposite directions.

As does the concept of the triangle itself) the above

characterization of the bqundery generalizes to higher dimensions.

2.lr.§ Definitio . If S =

(X0,...,Xu)is a u-simplex in

R“(n 2 u), then the algebraic bouncing of s is formally defined by:

. 15—1
(1) Ms) 1:591) (xo,...,k,...,xu)

In this formula (x
A

,...,X ) is the (u - l)—simplex in R”
, o, ,

H

obtained by deleting Xkfrom the ordered. list of vertices for S.

2.1.6 Definition. If S is as in Def. 2.1.5, then the

(LL- l)-simplex (X0,. ..,§k,...,Xu)will be called the k-th facet of S.

The formal sum in the right member of (i) is integrated

geometrically as an oriented union of (u - l)-simplexes appearing with-

in the summend. In a general sUm of the form ZKS ;

k=0
k

are all criented u-simplexes, a similar interpretation is given;

where the 8k

there is cancellation when simplexes with similar vertices but opposite

orientatians appear, and an integer weight is assigned to S if S



P = ABCD

s1
= (A,B,C); 52

= (A,c,D)

PH 51 + 52

FIGURE 23

A SUM OF SIMPLEXES

1.0



ll

aypears more than once with the same orientation. (See [2L], III

or [19], I,

For example, in Fig. 1.5,

b(P) = Mal) + b(sz) = [(B,c) — (A,c) + (A,B)]

+ [(c,D) — (Ag) + (A,C)] = ()3,c)‘ + (A,B) + ((2,1))

« (A,n) +[(A,c) - (A,c‘)] = (B,c) + (A,B) + (0,3) — (A,D)

= (A,B) + (13,0) + (0,11) + (D,A)

as one would wish.

2.1.7 Remark. The boundary operator, ‘o(-), is linear.

2.1.8 Remark. If one makes cancellations, ignores the

orientation of the component simplexes and interprets "’2" as "U"

one obtains the topological bound.st of P.

In most of the theorems and. algorithms to follow, it is

assumed that P is a simplex. However, the theorems are still true

for arbitrary polygons, and the algorithms can be made to work

for polygonal regions other than simplexes.

For a discussion of the above concepts a slightly more

general form), see [‘8], pp. 2—7.
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2.2 The Brouwez Deggee

Suppose that P is an n-dimensional polygon in Ru and that

G:b(P) -> Sn is continuously differentiable, where S:1 denotes the

surface of the unit n-d-isk in R“. Now let us produce a sequence,

{[33]:]}:=lof sets of (n — l)-simplexes so that b(P) = 2“ Si
i=1

and if J is large, then the diameter of Si is small for i = l
,

. . .

, KJ
.

This done, let us approximate G by the sequence, (L‘jjjzl, of maps which

interpolate ‘G at the vertices of 5‘1(i= l,...,kj) and. which are

affine in the interiors of the Si (See [1] pp. 341-542). Suppose now

that X e b(P), and that the Jaeobian of G at P is nonsingular at X.

ThenJ for J large enough, the images of the 5‘;containing X have the

same orientation (since the Jacobian of G has one sign in a neighbor:-

hood of X). Furthermore, for large J, no Si containing X contains

any other point, X1, with 60(1)= G(X). With this in mind, the

following definition is made.

2.2.1 Definition. Suppose that P anti G are as abovs, that

J is "large enough" (as above) and fixed, and that Y is any point

on S“. Then the rotation of G is defined to be the number of SJi
containing a point of 6.10!) which have a positive orientation,

minus the number of suah. with a negative orientation.

It can be proven that the rotation of G is independent of

the choice of Y ([25], p. as), so that Def. 2.2.1 makes sense. (See

also [1], [20],J or [8,], pp. 2-25, and esp. [5], Theorem 2.7).
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If G is assumed only to be continuous on h(?), then G can

be approximated by maps which are C:L(See [26], p. 15 ,
and [‘5]:y

or [8 D. Thus, the rotation of such G can be defined, [8]}

Now suppose that F:P ~> Rn is an arbitrary continuous map,

A e Rn, and FCC) 75A for X e b(P). Then, by restricting F to MP),

the rotation of (F - A)/ — A“ is defined:

2.2.2 Definition. If P, A, and. F are as above, then d(F,P,A),

the de ree of F at. A with res act to P, is defined to be the rotation

of (F - A)/|fF — A]

2.2.3 Remark. Note that d(F,P,A) = d(F -

A,P,en), where (an
is the n~dmeosiohel zero vector. Hence, without loss of generality,

one need only consider the degree of F at Sn to deal with dCF,P,A),

where A is any yoint in Rn.

Very often, d(F,P,eu)is defined in terms of the Heinz in-

tegraiue]. With that definition, important properties of d(F,P,6n)
can be proven with relatively simple analytic tools [26]. Nonethe—

less, it can be shown that the definition in terms of the Heinz in-

tegral is equivalent to Def. 2.2.2 above [ 5]. The main results in

this yeper stern most directly from Def. 2.2.2.

The reason for interest in c1(F,P,en)here is its relation—

ship with the solutions of F(X) = 6“ within the interior of P. Namely,

the following theorem holds.
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2.2.4 Theorem. (The Kronecker existence theorem; [1], pp.

457-463 [2.5], 1:- 15 or [3.], P. 52). If M33159“)7i 0, then F(X) =

en has at least one solution in the interior of P.

2.2.5 Remar . When F is differentiable in P and J(F)(X) = O

at each X e P with F0!) =

en, then Theorem 2.2.4 can be strengthened to

read: d(F,P,en) is equal to the number of points X e P at which

F(X) =

en and J(_F)(X) > 0, minus the number of such points at which

J(F)(X) < 0, where J(F) is the Jacobian of “[25], pp. 35-558 and. in

particular, Theorem 1).

The above characterization is often taken to be the defini-

tion of dd ([26], [23], etc.). This definition is then meaning-

fully generalized via the Heinz integral [26].

There are various approaches to computing d(F,ZP,en). Some

are quadrature schemes of which the Heinz integral [26] may form the

basis. Also, d(F,P,9n) is represented by and numerically approximated

via the Kronecker integral [25]; the Kronecker integral ([1], 111:. 415-

457) has close ties with facts used later.

2.2.6 Fomula. (The Kronecker integral: [14]):

d(F,P,en)=(1l—[Wn
X01) e M?)

Here 9n is the surface area of the unit u-sphere, and U =

(ul, . . .,un_l), where 1.11,
. .. ,nml are the parameters for any continuous,

one-to-one parametrization of MP).
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The following formula complements Formula 2.2.6.

2.2.7 Formula. In Rl, in View of Remark 2.2.5, the follawing

formula is used to characterize d(f,P,0), where P = [a,b] ([30]):

_
fb

_

f a
= safb 2 - saffgald(f,P,0) — 1—H“b TE—f8‘37 2

.

2.2.8 Eager . If the n-dmensienal polygon P is embedded in

a higher-dimensianal region with a one—to-one parametrization x (145.,

P = 713,where e c R“), and F:1= -> 'R“, then d(F,P,9n) is defined by:

d(F,P,9n) = d(Fb n, (lumen) provided an g F(b(P)) .

2.2.9 Remark. The following two properties of d(F,P,en) are

useful:

(1) d(F,P,en)depends only an values F assumes an b(P).

(2) [14] If .6 = UKPi,when each Pi is a union of polygons,
i=1

the Pi are disjoint, and F(X) ;£ an for any X e b(Pi), then

d(F,uO',9n)can be defined by:

d(F,.D,S_n)= igdwmin).



was III

Two CHARACTERIZATst OF d(F,P,sn)

The object of this chapter is to present characterizations

of d(F,P,Gn)which can easily be used for machine conmutstions. Such

characterizations, given in terms of simplieial subdivisions of b(P),
hold when the simplexes in these subdivisions have small diameters.

These smallness conditions are clarified in Section 5.1.

A recursion formula [30] is also derived in Section 5.1.

This formula relates d(F,P,9n), where P is n-dimensional, to

i
G _l), where 51:1ere (n—l')-dimensional regions on the£1(Elilan-l’ n

boundary of P, and Fl has (nwl) components, all of which are restric-

tions of eomynnents of E to MP). In Section 5.2 and Section 5.5, this

recursion formula is used to derive two characterizations of d(F,P,en).
(has of these (Theorem 5.2.10) expresses d(F,PJen)in terms of certain

matrices whose entries are 1:1, while the other (Theorem 3.5.1) gives

5113,39“)in terms of determinants of these same matrices. The first

characterization, proven in detail, will be seen in Chapter VI to be

related to labeling schemes to determine Sperner simplexes.

Either characterization can be used to compute ‘d(F,P,en).
Because determinants are not involved in Theorem 5.2.10, the compute-

tions based on it should usually be the most efficient. However,

Theorem 5.5.1 provides an additional method of determining the prob—

ability of correct results. This is discussed in Section 3.3.
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3.1 A Recursion Relation

In ell following work in this eheyter, it is assumed that

the domain of F is en n-dimensionel polygon P or more generally that

130’) can be written as a sum or (n - l)-simylexes, each of whose

diameters is "small" (see [50] pp. 26—28). Just how small is small

enough is indicated in the following eefinitions (15121.).

3.1.1 Definition. If P = (A,B) C R and f2R 4 R is contin-

uous, then b(P) = B‘ - A is sufficientlx refined relatiVe to f if f(E) ;5

0 end f(A) g 0.

3.1.2 Definition. Suppose u > 1, PHis a H-dimensionel

polygon, and F = (fl’...,fu):Pu » R“. Then MP“)is sufficiently re-

fined relative to F if and only if MPH)is written as the union of a

finite number of (u - l)-dinensional regions Bi_l,...,[i:&l,eseh con-

sisting of unions of oriented simplexes enrl having the following prop-

erties:

(a) The interiors of the 5:1 are disjoint and each a“: is con-

nected.

(b) At least one of the components of F, say fr ,
does not vanish

1i
on Bw‘l.

(c) If f 76c on 131 , then Mei ) is sufficiently refined rela-
ri H-l H-l

to 13‘ where}? =(f ...f r +l...‘f)=b(P)-'
1.1

J

Ti 1; :

rinl: 1.1
I J

u H

Rn'l.
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Since properties (a), (b), and (c) of Definition 3.1.2 depend only on

the signs of the components or F on b(P), we will say b(P) is suf-

ficiently refined relative to Sgt (infra. Definition 3.2.1) to

mean b(P) is sufficiently refined relative to F.

It should be noted that the above assumptiens, though some-

what weaker than the ones given- hy Stenger [1’20]Jare all that are

necessary in his work (ibidL) and the theorems to follow here (cf.

[21]).

It can be shown ([50] pp. 50-52) under mild assumptions on F

that, if the diameters of the simplexes comprising MP“)are suffi-

ciently smallJ then MP“)is sufciently refined. relative to San (F).

Methods of subdividing MP“)in order to produce sufficient

refinement will be discussed in Chapter IV. Here, the following defi-

nition and theorem set down a recursion relation ([30] pp. 52-35) for

computing d(F,Pu,eu)providezi MP“)is sufficiently refined relative

to F.

3.1.5 Definition. Let lilhe as in Definition 5.1.2. Then

corresponding to an integer r 5 [Ln] let .J'+(r)(J_(r)) consist of those

,
‘

1 1
integers 1 e [1,»:“1for which fr > e on swivel“< 0 on 5W1).

3.1.4 Theorem ([16] p. 55) A Recursion Formula. Suppose 1"l
is a polygon in R“L

,
F = (i‘l,...,i‘u):l’p* R“ and MP“)is sufficiently

refined relative to F, with regions at as in Definition
K

_l,...,pu_l
3.1.5.


