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CHAPTER I

INTRODUCT ION

L.l Description of Content

Suppose that F:¥c B® 4 pgB is econtinuously differentisble on
the bounded, open domain L and J .(.F-:)-., the Jacobisan iof F, is tnonzero
at the points X e for which F(X) = Y. Then da(F,d,Y), the degree
of F at ¥ with respect to A, is defined %to be the number of points
X ¢ P with F(X) = ¥ end J(F)(X) > 0, minus the number of such X for
which J(F)(X) < 0, provided F(X) # Y for X on the boundary of L.

This concept can be generalized ([1] Ch. XII for the original
scheme or [26] pp. 147-165) so that d(F,f5,Y) is defined for F which
are only continuous on B and F(X) # Y, X on the boundery. For such F y
the Kronecker existence theorem ([28] or [1]) stetes thet, if d(F,.0,Y)
# 0, there exists at least one X ¢dU with F(K) =Y. For this reason,
computetion of d(F,&,Y) is of interest in solving systems of non-
linear equetions (see [ 8] for a discussion of usefulness).

Methods of computing a(F,L,Y) include quadrsture schemes,
for the degree can be expressed under suiteble assumptions in terms
of the Heinz integral [26] or the Kronecker integrel ([1] or [1a4]).
The method most similar to the one First developed in this disserta-
tion is related to the Kronecker integral. For that method, Stenger

[ 30] eharacterized the degree ifi terms of certain determinants; then



calculated it by evelusting those determinsnts. An sdvantage of that
method (ibid.) over some quadreture schemes was that F rHeeded to be
evaluated only to sufficient accuracy to determine the algebraic sign.

The first method developed in this dissertstion comes from
ideas in [30]. Required notation end several well-known cheracteriza-
tions of ﬁ(Fg#ﬁff) are mentioned in Chapter IIL. In Chepter III,
characterizations to be used for machine computetion appear. One
of these, due to Stenger (ibid.), expresses the degree in terms of
determinents of metrices with entries + L, while the other gives the
degree directly in terms of matrices with entries +1. This latter
charscterization is proven in detail.

Chapter IV deals with an algorithm for computing d(F,P,Y),
where P is & polygon. The theory is developed to allow one to
economize on both time and computer storage space. An example is
then worked using this algorithm.

In Chapter V the algorithm for computing ad(F,P,¥) is em-
ployed in & method of finding the roots of a system of nonlinear
equations. This method, embodied in Algorithm 5.3.1, does not require
F to be differentiable.

In Chapter VI a relgticriship between the scheme for cal-
culation of d(F,P,Y) based on Section 3.2 (the second characterizae
tion of &(F,P,Y)) and & labeling scheme to define Sperner simplexes

is presented. Other search routines for Sperner simplexes are briefly



S
deseribed and compared. Also, & gesrch routine for @ Sperner simplex
which uses concepts sbout & lﬂbeling.scheme for nodes in binary trees
(presented in Chepter IV) is outlined.

In Chepter VII applicetions are considered. These include
finding stetionary points (ﬂptimizatinni, calculating linking numbers
(see (1] Ch. XII), and solving the hidden line problem (the hidden
line problem cen be stated as: "does & given curve Pass through a
gurface in R3 " g "does a curve or point lie in front of or behind
a surface in R?"“). Caleculating d(".ﬁ‘,pa ,Y)', where «is not necessarily

a polygon, is also discussed.

1.2 Beckground for the Work

Various other topological methods for finding roots of
systems of monlinear equations or fixed points of meps in‘Rﬂ have
been investigeted. Such procedures, including the method in this
work, may be the only procedures to give mesningful approximations when
g system is highly nonlinesr, or mey be the only ones ‘to converge
to fixed points other than "attractive" ones (see { 3], esp. P- 2,
[26), p. 185, end [26], Ch. 10). Scarf [27] preserted one of the
most famous with tgchniQPEE;similar to applicetions of Sperner's
lemns ([6], pp. 417-421). The exchange algorithm [27] mey perforn
efficiently when &I 18 an n-simplex and ¥ is given in terms of

barycentric coordinates. I & can be trensformed to &n n-cube, then



methods from Allgower and Keller ([29] with [21]) mey be used.
Varients and relsted methods are under investigation [ 9].

For the sbove methods, one usually assumes that F:H-»o&
in ‘order to find & fixed point. It is often suffieient, however, to
know that F - I, where I is the identity map, has & root in «. The
existence of such roots :can be determined with a desired probeability
by Algorithm 4.4.1 (the degree computation algorithm).

There is & close relationship between lebelings for Sperner
simplexes, the degree computation algorithm, Algorithm 5.3.1 (the
generalized method of bia'ect-iaﬂ); and the methods in [27] and [29].
This relationship will be described in Chepter VI. Algorithm 6.3.1,
involving both Sperner simplexes and theory from Section 4.2 (dealiﬂg
with lebeling schemes for elements of simplicisl subdivisions) also

appears.

1.3 Problems Encountered

Problems encountered with some or all of the topologieal
methods mentioned above are similar. For the method in [27], points
ocn @ grid are chosen & priori; other schemes may have similer limita-
tions. In all of the methods, inecluding those of this work, true
fixed points may be "missed."

The generalized method of bisection may require more memory

than the method in [27] or [29], but uses the additional technique



o £ caleulating a(F, L ,_'ﬁn}. For this reason, it may be more power-
ful in some instances than other methods.

Nonetheless, Algorithm 4.4.1 (to compute d(F,P, Bn)) cannot
be used to caleulate d(F,.0,8 ) with absolute certainty. When the
characterization in terms of determinaents (in lieu of Theorem %.2.10.
the other characterization) provides the besis for an algorithm
analogous to Algorithm 4.4.1, s higher degree of certainty is attained
at the expense of computation time. Indepéendently of the above modi-
ficgbion, parsmeters in the degree computation algorithm can also be
chogen so that more computation is done, but the computed vslue of
'd.(F,p&,e"n) has a better chance of being correct. BSuch sdditional
computations may then be used later in Algorithm 5.3.1 (the gen-
eralized method of bisection).

A method for quickly calculsting the special determinants
in the determinant characterization (Theorem 3.3.1) would improve
the degree computation (Algorithm 4.4.1) and Algorithm 5.3.1 con-

siderably.



CHAPTER ITI
NOTATION FOR THE REGION AND THE CONCEPT OF DEGREE

In the first section of this chapteé, the notation used
throughout the rest of this work is introduced. In the second sec-
tion, the degree of a mep with respect to a polygonal regicn is de-
fiﬂaﬂ, 1ts gignificance is.iistuﬁaéd, and useful characterizaetions

are given.

2.1 The Region

The notetion in this section will describe the region over

which the degree is defirned.

2.1.]1 Definition. Suppose that {xb,xl,...,xuj, M<Ln, is' &
. . ar Han BT ey 48 A e " HEEPLYr THAaDERI N
set of of points in R, so that [xk 3b]k;1 is @ linearly independent
set of n-vectors. Then the -simplex 8 = (X ,Xl!...ﬂxp} spanned

by [XO?"'JXE} is the closed convex hull of these points, i.e., it
is the set zJ;: PiKeMe 2 0 end g M = L.

2.1.2 Definition. The points X,k =0,...u are called the
extreme points or vertices of 8.

In Ea, & 2-simplex is simply & triangle while in RS, a
3-simplex is & tetrshedron. A l-simplex (A¢E) denotes & line segment

whose endpoints are A and B.



We next define orientations with the following two defini-

2.1.3 Definition. If Zl,...,Zn,are rew vectors in Rﬂ’

then 4, (2,,...,2 ) is the determinant of the matrix whose k-th row

is Z‘k .

2.1.4 Definition. If S = (Xb?...,xn} is an n-simplex in R®,

then one assigns a positive or negative orientatich to 8 according
to whether the determinant ﬂ%ﬁ(l,xb)...,(l,ﬂﬁj) is a positive or nege-
tive (see [L] Ch. 4, §2,#1 and [1], Anhang II).

If the k-th end m-th points (m # k) of 8 = (X, 00, X,00e,
Xm,-w-,xn} are interchanged, then the orientation of 8 is reversed.
One writes: '{xg, TS PRI SRTRES I -{xa, e X e X, X0

Opposite orientations of & triangle in-Rz are illustrated
in ¥Fig. 2.1 and Fig. 2.2.

In general, an odd permutetion of the list of points of S
changes the orientation, whereas an even permutation does not.

If P is @ union of p-dimensional polygons iniﬁn? then P
can be written es the undon of a Finite number of {-simplexes in R™
with the property that the intersection of any two of these simplexes
has empty interior. (We define a p-dimensional polygon as @ connected
union of p-simplexes). If these gimplexes are 8, ,+e+,8,, thencone

writes P = E§=l$k'



S = {x1= n3sha )

FIGURE 2.1
POSITIVE ORIENTATION

FIGURE 2.2
NEGATIVE ORIENTATION



An exsmple is given in Fig. 2.3. There, the topological
boundary of P can be thought of as being "traversed' ia the direction
depicted. When the boundsries of Sl and 82 are also traversed in
this menner, the segment (A,C) in the interior of P is covered in
opposite directions.

As does the concept of the trisngle itself, the above

characterization of the boundary generalizes to higher dimensions.

2.1.5 Definition. If 8= (X X ) 1s @ w-simplex in

0’2

R-n(n > I-l) , then the algebraic boundery of S is formally defined by:

( ) h(S) “‘kE;L($l)k l 0:“':‘%&:“‘!;{“)

In this formula, (xﬁ!...,ﬁk,...,xP} is the (i - 1)-sinmplex id R®

obtained by.deleting-ﬁk from the ordered list of vertices for S.

2.1.6 Definition. If 8 is @s in Def. 2.1.5, then the

(u = 1)-stmplex (X,...,%,..., %) will be celled the k-th Ffecet of S.
The formal sum in the right member of (i) is interpreted

geometrically es en oriented union of (p - l)=simplexes eppearing with-

in the summand. In & general sum of the form s

2
| k=0 &
are sll oriented u-gimplexes, a similar interpretation is given;

where the Ek

there is cancellation when simplexes with similar vertices but opposite

orientetions gppear, and en Iinteger welght 1s sssigned toc 8 if S



P = ABCD
S, = (A,B,C); S, = (A,C,D)

P s 51 + 52

FIGURE 2,3
A SUM OF SIMPLEXES

>

10



appears more than once with the same orientstion. (See [1], III
er [19], I, #5).

For example, in Fig. 1.3,
b(B) = b(8;) + v(8,) = [(B,C) - (4,0) + (4,B)]
+ [{C,D) - (A,D) + (A,c)] = (B,C) + (&,B) 4+ {c,D)
- {A,D) +[(A,C) - (A,C)] = (B,C) + (A,B) + (C,D) ~ (A,D)

= (A,B) 4 (B,c) + (C,D) + {D,A)

as one would wish.

2.1.7 Remark. The boundary operator, b(-), is linear.

2.1.8 Remark. If one makes cancellations, ignores the

orientation of the component simplexes and interprets "z" as "U"
one obtains the topologleal boundary of P.

In most of the theorems end algorithms to follow, it is
assumed thet P is & simplex. However, the theorems are still true
for arbibrary polygons, and the slgorithms can be made to ‘work
for polygonal regions cther than simplexes.

For a discussion of the above concepts (in a slightly more

"EEHEI'E:L fﬂl"ﬂl), see ['ﬁ]: TP, 2_7.

i W
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2.2 The Brouwer Degree
Suppose that P is an n-dimensional polygon in R* and thet
G:p(P) » gt 18 continuously differentiable, wherersp.&enctas-the
surface of the unit n-disk in R®. Now let us produce a sequence,
{:{83 ;}J —p Of sets of (n = 1)-simplexes so that b(P) = " EJ

=1 t
and if J 1s large, then the diameter of Ej is small for i = 1

greeaRye
This done, let us approximste G by the sequence, {tﬁji;l’ of maps which
interpolate G at the vertices af;Si(i = l,...,kj) and.which are

effine in the interiors of the Si (See [1] pp. 341-342). Suppose now
thet X e b(P), and thet the Jacobian of G at P is nonsingular at X.
Then, for j lerge enough, the images of the 8
same orientation (since the Jacobisn of G hes one sign in a neighbor-

containing X have the

hood of X). Furthermore, for lerge Js'ﬁo-ﬁi containing X contains
any other point, X, with G{Ki)'='G(X). With this in mind, the

following definition is made.

2.8.1 Definition. Suppose that P and G are &g above, that

J is "lerge enough" (es sbove) snd Pixed, and that Y is eny point
2 {

on 8. Then the rotation of G is defined to be the number Qf'ﬁg
containing a point of G_l(Y) vwhich have a positive orientation,
minus the number of'sucthi with a negative orientation.

It can be proven that the rotation of @ is independent of
the choice of ¥ ([25], p. 28), so that Def. 2.2.1 mskes sense. (See

also [1], [20], or ['8.], pp. 2-25, =nd esp. [ 8], Theorem 2.7).
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If G is sssumed only to be continucus on b(P), then G can
be spproximated by maps which sre C- (See [26], p. 15 , end [5]]
or [8]). Thus, the rotation of such G cen be defined, [8]]
Now suppose that F:P » R is an arbitrary continuous mep,
A e R®, ana P(X) # A for X ¢ B(P). ‘Then, by restricting F to b(P),

the rotation of (F - &)/ |F - Al 1s defined:

2.2.2 Definition. If P, A, and F are as above, then a(F,P,A),

the degree of ¥ at A with respect to P, is defined to be the rotation

of (F - A)/|F - &

2.2.3 Remerk. Note that a(F,P,4) = a(F - A,P,.’@h)’_a where 8
1s the n-dimensional zero vector. Hence, without loss of generality,
one need only consider the degree of F st 6, to deal with d(F,p,4),
where A is any point in P,

Very often, d(FtP,Gn) is defined in terms of the Heinz in-
tegral[l8]. With that definition, important properties of d(F,P,Eh}
can be proven with relatively simple analytic tools [26]. Nonethe~
less, 1t cen be shown that the definition in terms of the Heinz in-
tegral is equivalent to Def. 2.2.2 gbove [ 5]. The main results in
this paper stem most directly from Def. 2.2.2.

The reason for interest in d(F,P, eﬁ) here is its relastion-
ship with the solutions of F(X) = 6 within the interior of P. Namely,

the following theorem holds.
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2.2.4 Theorem. (The Kronecker existence theorem; [1], pp.

467-468 [26], . 16 or [ 8], p. 32). If 4(F,P,0) #0, then F(X) =

Bn hes at least one solution in the interior of P.

2.2.5 Remark. When F is diffeventisble in P and J(F)(X) =

at each X € P with F(X) = ﬁ%,'thEH-ThEGrEM.E.Z.%WEaH be strengthened to
read: ﬂfFiP,enJ is equal to the number of points X ¢ P at which
F(X) = €, end J(F)(X) > 0, minus the number of such points at which
J(F)(X) < 0, where J(F) is the Jacobian of F([23], pp. 33-38 and in
particular, Theorem 1).

The asbove characterization is often teken to be the defini-
tion of d(F ,_-P,.-a-ﬂ}' ([26], [23], ete.). This definition is then meaning-
fully generalized via the Heinz integral [28].

There sre various epproaches to g@mputing_d(F;Pién). Some
gre guasdrature schemes of which the Heinz integrsl [28] may form the
bagils. AlEa,iﬁfF,P,EﬁJ is represerited by and numericslly epproximated
via the Kronecker integrsl [25]; the Kronecker integrel ([1], pp. 415-

437) has close ties with facts used later.

2.2.8 Formula. (The Kronecker integral: [14]):

d(F P e ) l HF l”n /A (F(X} (X),, .o 'Ja_(x) Jﬁ-ul' . 'd"_-ln._-l

' %(u) ¢ b(F)
Here fi is the surface area of the unit n-sphere, and U =
(uyseen,u 1), where u ,v.0,u . 8re the peremeters for eny continuous,

one-to-one parametrization of b(P).
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The following formule complements Formula 2.2.8.

2.2.7 Formula. 1In R;, in view of Remark 2.2.5, the following

formula is used to cherscterize d(f,P,0), where P = [&,b] ([30]):

te o F(b) fla) _ sgalf(b)) = sen((
a(t,P,0) = I£Lb) | If(:)!'" —— 2 nirle))

2.2.8 Remark. If the n-dimensional polygon P is embedded in

@ higher-dimensional region with g ohe-to-one paraemetrization = (i;e.,

P = %, where B < RP), and F:P » R, then a(7,?, 6.) is defined by:
d(F,P,6 ) = d(Fon, m"l.(ﬁPJi,aﬁ) provided @ ¢ F(b(P)) .

2.2.9 Remark. The following two properties of d(Fjﬂgeﬂ) are

useful:
(1) d(¥,P,0,) depends only on walues F assumes on b(P).

(2) [14] Ir & = .UﬁPi, where each P, is & union of polygons,
=L

the P, are disjoint, and F(X) # 6, for any X e b(P,), then

d(Fid&,eﬁ) can be defined by:

a(F,.8, ani) i if;_d (F ,_-Pi_...ﬁn_} .



CHAPTER III
TWO CHARACTERIZATIONS QF.ﬁ(F,P}Gn)

The object of this chepter is to present charscterizstions
mﬁ.d(F;Pien) which can essily be used for mschine computations. Sich
characterizations, given in terms of simplicisl subdivisions of b(P),
hold when the simplexes in these subdivisions have smell diameters.
These smallness conditions are clarified in Section Jels

A recursion formuls [30] is also derived in Sectiof 3.1.
This formula relstes &(F;P,En), where P is n-dimensiocnal, to
d(Fi,E;_l,Bn_il, where Ei_l are (h—L)+dimensional regions on the
boundery of P, End.Fl has-(nul) components, all of which sre restric-
tions of components of ¥ to b{P). In Section 3.2 and Section 3.3, this
recursion formuls is used to derive twa?thérécterizatioﬁsamf'd(F;P,en).
One of these fThEGrEm=S;Eth}.exﬁreﬁBeﬁ d(F,PJen) in terms of certsgin
matrices whose entries sre ¥, while the other (Theorem 3.3.1) gives
a{F,P,en) in terms of determinents of these same matrices. The First
charecterizetion, proven in detail, will he seeh in Chapter VI to be
releted to labeling schemes to determine Sperner simplexes.

Either characterization cen be used to eompute-d(F,P,eh).
Because determinants are not involved in;@hEﬂfem-Sqa;lG, the computa-
tions beased on it should ususlly be the most efficient. However,
Theorem 3.3.1 provides an additionsl metHod of determining the prob-

ability of correct results. This is discussed in Seetion 3.3.
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3.1 A Recursion Relzgtion

In all following work in this chepter, it is assumed thet
the domain of F is an n-dimensional polygon P or more generally that
b(P) can be written es & sum of (n - 1)-simplexes, each of whose
diasmeters is "smell" (see [30] pp. 26-28). Just how small is small

enough is indicasted in the following definitions (ibid.).

2:.1.1 Definition. If P = (A,B) c R egnd f£:R =+ R is contin-

uous, then b(P) = B - A is sufficiently refined relative to f if £(B) #

0 and £(A) # 0.

3.1.2 Definition. Suppose p > 1, P” is & p-dimensional
polygon, end F = (fi,...,fu):Ph > R™, Then -b'(PH) is sufficiently re-
fined relstive to F if &snd only if E(P“) is written as the union of a
finite riumber mf-(p - 1)-dimensional regions Bt-l""’ﬂﬁel’ each con-
sisting of unions of oriented simplexes and having the following prop-
erties:

() The interiors of the Bi"l are disjoint end each Bﬂfl is con-
nected.

(b) At least one of the components of F, say £, , does not vanish

. i
sk
on Bpnl'
(e) If £ #0 on B ., then b(pl .) 1s sufficiently refined rela-
to T where P = (£ ,...,F £ 41, ...,0 ):b(P ) =
By B S T R T

Rn '-l..
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Since properties (a)’ (b)’ and (C) of  Definition 3.1.2 depend only on
the  signs of the  components o F o p(P), we will sy P(P) is suf
ficiently refined relative o Sgt (infra. Definition 321) ¢
mean b(P) is  sufficiently refined relative to F.

It should be noted that the  above assumptiens, though  some-
what  weaker than  the  ones given- hy Stenger [ 1’ 20]Jare all that are
necessary in his  work (|b|d|_) and the  theorems to  follow here (Cf

[21]).

It cn be shown  ([50] pp. 50-52) wunder  mild  assumptions on F
that, if the  diameters of the simplexes comprising MP“)are suffi-
ciently small]  then MP“)is suf ciently refined. relative o san (F).

Methods of  subdividing M Pu)in order o produce sufficient
refinement will be discussed in Chapter V. Here, the following defi-
nition and  theorem set down a recursion relation ([30] pp. 52-35) for
computing d (F ’ P u ’ew))videzi M P“)is sufficiently refined relative
to F.

3.15 Definition. Let I | Ihe s in  Definition 5.1.2. Then
corresponding to = integer s [Ln] et JH(r)(J_(r)) consist of those

; . 1 - 1
integers 1o [:|_’»:“:[Or which > e gwjvel® © 5W1)

3.1.4 Theorem ([16] ». 55) A Recursion Formula. Suppose 1"
- a - R‘(L F - - - . * Rll d - - .
is polygon in : (l . | o i ¢ U) : | ’ p an M P“)S sufficiently
refined relative o F, with regions at I pU KI as in  Definition
— 1" " —_

3.1.5.



