
_                  _  __�����'                 A Fo_tr_m Conto__ _t_gr_1 P_ch_ge�R_l_h _aher _e_r_ott��Abs___c_�A se_ies o_ Fortr_n _uutînes ___ co_putjng poi__s __ _iven c_n___rs�o_ _ function _(x, y)  appe_r.  Fortr_n r_utjnes _or evalu__ing _he in_eg__1�of _(x, y)  over _he _re_ bounded by _ _iven c1_sed c_ntour o_ _ _lso __pea_.�The routines to l_c_te contour level5 _nd _o _ind point_ on _ given contou_�level _re b_sed on a predjc_or -corrector vers_o'n __ _he _rc-co_tǐnu_tjo_�_     _echnique5 h'nown _s the Chow-Yo_he _lgo_j_h_ or D_videnho' s me_h_d.�Other routines _re _orruwed, in modified _or_, _rom Al_n Cline' s spline�u_der tension pach_g_ ('_ept. of Comp_ter Sciences, Universi_y of Texas�__ Austin).  For_r_n functi_ns _nd test drive_s _ppe_r.��C0mput_ng Reviews c_teg_ries:  5. l2, 5. l3, 5. l 5, 5. _6�_ey _ords:  con_ours, st_tJs_ic_l computing, gr_phing functions, cu_v__u_e,�_rc con_Jn_ u_ti_n, __videnhols rnethod, Ghow-_orhe _l__ori__,�



(o_ po_    t  g _ c ( __ t y__)   ( l_ __y__) __)____o          _    _  _y     _bes�����A _o_tr_m Contour Analysjs P_chage���l_  _troductio_ _nd purpose.�St__istíc_l _n' _1yses _nd _r_phics _rocedu__s ___e_ i_volve _n___sís�__ the co_t_u_s o_ _ function of two v__i_bles.  _hus, _here sh0u_d be�convenient, reli_ble, _nd e__icien_ routi_es for de_ling wj_h co_tou_s_�Fo_ this _eas_n _e developed our Co_tou_ An_lysis R_chage (CAP ).��2.  S_r_cture _nd us_ge.�The f01lOW____ SUbOrd_'n_te t_ShS Were 5_'__led OU__  (J')  _iVen _ re_ 1�v_lued _unction  _(x, y)  _nd a contour level  _ ,  _ind _ p_in_  (xo, yo)  on t he�_ -co_tuur of _,  i. e. , _ind _umbers  xo  _nd  yo  such th_t  f(xo, y_) _ _;�ii)  given _ point  (xo, _o)  on _ closed co_tour  _(xo, yo) = _ ,  _ind _ se_�.n_,  _ _  x    _ _ x    _ g  m  ,uch th,t _ _ de u,_g _  descr_?�_h__ con_our;  (_._'_.) g__ven _ 5et  _ _ ,  o___in _ one-pa_ _ame eer _ep_esen _ _ _on�of _he (_pproxim_te) corresponding con_our;  (iv) gjven _ one_par__e_er�represent_tion o_ _ closed co_tour o_ _,  compute the in_egr_l o_ f  over�_he _re_ bou_de_ by th_t c_ntour.�



_.         _ _    __        b_       _  _   c _  _)____u���P_ck_ge module ORTHTJ perfor_s t_sh (i), module CN_OUR�per_orms __sh (ii), m'  od_e K_RV_1 (borrowed _r_m Al_n Cline _2J)�e__orms __sk (îii), _nd m0dule A__AFP !_odi_ied f_o__  Al__ Gline' s�p_cka_e (ib_d.)) _e_fo_ms __sh (_v).�V_rious __ilj_r_ __dules May _lso be o_ i__erest,  _o_ule KURV_2�(f_o_ Al_n Cline (ibid. )) may _e used __ ev_lu_te p_i_ts o_ _he co_t_u_�p__d_ced by KUKV_l.  Module _N__2D m_y be use_ to co__u_e __ j__e___jte�_nteg___ €_ble O  ,  eV_lU_ted at an _r _t__rY Set O _0___5  X._ y..  .�A F_rtr_n _ouble precisio_ __cti__ PROBG_ c_nven_en_ly co_bines�sever_l t_5hs.  _ts input __ra_eters i_c11Jde (j_ _dd_tîun _o ce__in tole_ u�_nces _nd worhsp_ce _rr_ys) _ contour _evel __. _nd _n ini_i_l guess�(xo, yo) thought __ be _e_r the _ -_ontour,  Cert_in tolerances _or OR_HTJ,�CNTOUR, _nd _R_FP _re chosen _utoma_ìcally _n PROBGT; the retu_n�v_lue of _ROBGT contains _n _pproximate in_egr_l o_ _ over the __e_�bounded by _(x, y) = _.�Numerous uses _re en__joned.  For ex_m_le, repeated c_lls to�ORTHTJ, CNTOUR, KURVP_, __d _URV_2 c_n be used to plot neighboring�contours of _' _unction; such pl_tt_ng schemes _re more _lexible, e__icient,�_nd produce nicer plots _h_n, s_y, ''poo_ m_n' s contours_ " The module�PROBGT m_y be used direc_ly to _nalyse the sh_pe of u_usu_l prob_bility�densities (_1J).�ModuJe ORT_TJ is _pplicab1e to rela_ive1y gener_l _,  but modu_es�CNTOUR _nd PROBGT _unctìon co_rec_1y o__y when { (x, y) _ _(x, y) = _)�_s homeomo_phic to _ cîrcle.�



_p Fyroext(_l_(snax)tt(_s_5v_)e_t;ryt(x(o_s__)_gx)yy_t_v_t)(oes_n!) ___5rxte_t5ltu_ywct___hht)vl_te____he____t_th)_em_F_r__mxcol(loxednougH,ltyeehor)_es___DFo Fx__o2(vxD_ehtruys)usthp, lpe_bsly__t_e_h Gsnetro__e(u_e Fdrnxe_d;_sx_etnJ__Tt__t_t_hyeeelt)do___))nr_b__te__yemog__t_l��� S_mp_e drivers _re ___lud_d _or _RUYGT, _K_F_, GNTOUR,� _nd ORT__J.  _ __diti_n, _ m_in test routine, s_mple _,  _nd resu lts� o_ r_ning the _o_tine on _ H__eywell 68/80 (Multics sys_e_) _re i_cluded.�� 3.  Principle s __d implement_tion det__ls _� _0utines in the p_ch_ge s_em _r__ s_ve__l s_u_c_s.  _he _udules�_URV__, _URVR2, CURVP_ __d _URVR_, _n_ the a_xi_j___ _o__es�SNHCSH, _NTRVP, _nd __RMS _re b__ro_ed essenti__ly unal_ere _ ____�A__n Cline's spline__der-tension p_ch_ge(_2J).  (All rou__' es in GAP,�howeve_, _re wri_en _ or have been conve_ted to double p_ecisio_.�The mod_es AREAF_ amd AREAF _r_ _odi_ied versions o _ mo d ules�AR_A_ and AR_ in the spline-under-_ension pachage (jbid. ).  The�mu_ule AR_FP returns _n _pproxim__ion _o the integr_l o_ f over�_he region bounded by _(x, y) = _.   This is _ccomplishe_ by integr___ng����AR_FP ob__ins _he integr_l o_ _.  The module AR_F simply computes��The module YD?2D accomplishes _his by employing _ composite five�point G_uss _urmu1_ to integr_te _(x, y_.)  _rom xo t_ xh,  h = l,... , m;�d___ere_t nUmbe_5 0_ SUb__e._V_1_ __e USe_ dePending On  1Xh - X 1.  The�



__��&_tual _uad__tu_e is _erformed by the mo_ule C_PGS, which is _ mo__ied�Fortran ve_si_n __ __ algorithm by Don Freem_n (_ 3J).�The _o_tines _R_H_J _nd GNT0UR are both b_sed on _he _rc -�_ullowing _igorithm explained in _5].  The_e, a_c5 o_  H(y) _ g,  where�n+l    n�: _   __  were _Ollow__ _y _nte___tl__�H'(y(s))y'(s) _ g.�_he integ__ti_n in _5J is perror_ed b_ _n implĵci_ Rule_ method _0_l_we_�by qu_si_Newton co_rector ste_s i_ directi__s orthogom_l to _he Euler�p_e_jctor ste_.�Some o_ the _de_s and _ech_iques used _re also _ound in _8, J, _9J,�and elsewhere.  A simi__r appro_ch, develop_d independent1p, appe_rs�in _4I, while an _l_ern_te _pproach _ppe_rs i_n _lOJ _nd i_ _llJ.  We _dopt�_he _redicto_-corrector _pp_o_ch since_  (î) ì_ has been sho_'n _o be�coMpeti_ive in e__iciency (_5J); (iì) precise co'ntrol ove_ _he e,Tror _t e_ch�_oin_ on the _rc is possi_ble; _nd  (iii) numerous simpli_ic__ions _nd�resul_ing g_ins in e_ficiency _re po_sible _or the _wo-dimensjon_l c_se�co_sideredhere.�_ OR_HTJ, _n initiaJ guess  (x, y)  _md _ desired contour level�_  _�_ __e ìnp_ ut.  Curves or_hogon_l _o the contour  _(x, y) = c  __e _hen followed�_pproxim__ely, in the direction o_ increasing  f  if _(x, y) < _ ,  _nd in�the di_ectîon of dec_e_sing  _  otherwise.  Corrector iteration is�u_ecessary, sjnce only the final point, _nd not points on the curve, _re�



_J            _          __�5�desired.  Module H_R__ computes  __ whe_e_e_ needed, u5ing _i_ite�di__erences_  S€ep si2e con_rol is _s i_ _5J,  Upon brache__ng the con_our�_(x, y) = _,  li_e_r in_erpo1ation is used i_er_tively _o re_jne the loc_ti0n o_�a _oi__  (x o, y o)  _ith _(x o, y _) = _.  We no_e the _eth_d i_ _RTHTJ�_ed_ces __ _ method o_ s_eepes_ descen_ i_ cer___m ____a_ces.  _owever,�its beh_vi__ is qui_e _d__u_te j_ __s_ ___es.�_ CN__UR, _ level _ ___ _ p_int  (x o, _ o)  wi_h _(x _, y o) _ _�__e i_pu_.  _he _lgorith_ th_n _r_cee_s _s in _5J, exce_t _hat the _er_in_tjom�criterion requires  €f (x  , y  ) _ (x, y) fE  be s___l in rel_tion to the step sj_e,�m  _    O  O�The v_lues o_ _, _ _re compu_ed _pproxi___ely _sing Broyden upd_tes.�__ is unnecess_ry to m_he speci_1 ''Rowell'' corrections _o these upd_tes�2�_s in _5 , since the direct_on_ o_ success_ve upd__es to _ _  Sp_n  R�when bo_h _ p_edictor _nd _ corrector st_p _re execu_ed.�Termina_ion in CNTOU_ is signalled __ovided  I_ (x  , y  ) - (x o, y _) Ça�m  m�is sm_ll,  fE (x  , y  ) E_  is l_rger than _ p_escribed toler_nce (in which c_se�m  m�the contour m_y not be closed),  fl_'_(x., y ) t_ =- O  __r s_me  i,  or p_ovided�_  l�_he m_xim_ __lowed n_mber o_ __ction ev_l__tjons has been exceeded.�Convergence is _igna1led in the routine TRNFND.�I_ is _ssumed that _ _ is non__e_o on the curve _(,s, y) = _.  _f�there _re singularities or bi_urc_tions, i_e_s such _s those in _6J _ust�be implementa_.�The B_sic _ine_r Algebr_ Subroutine DNRM2 _7_) is _sed.�Addi_ional details m_y _e _ound __ comments in the _or_r_n code.�This includes ex_l_natio_ o_ v_rious par_meters the user mus_ se1ect.�
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