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Historical Roots of Numerical f“\l \
rreeree ‘m

Integration

¢ Archimedes (~ 225 BC) constructed an infinite sequence
of triangles about a parabola, starting with one of area A
of the same base and vertex, to obtain the areas

A, A+Al4, A+Al4+ A/16, A+ Ald+ A/l6 + Al64, ...
The area of the segment of the parabola is therefore
(1+1/4+1/16 + 1/64 + ....)A = (4/3)A.

¢ Archimedes used a similar “method of exhaustion” to find
the area of a circle, thus yielding the first good
approximate value of pi.

¢ Other “integrations” by Archimedes:
= Volume and surface area of a sphere.
= Volume and area of a cone.
= Surface area of an ellipse.
= Volume of a segment of a paraboloid of revolution.

lllustration credits:
http://mtl.math.uiuc.edu/modules/module15/Unit%202/archim_ex.html
http://www.math.utah.edu/~alfeld/Archimedes/Archimedes.html
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Quadrature (Numerical Integration) A
f[l"l"l"l’l’ ‘lll

In the Computer Era

¢ Back in the 1960s and 1970s, Stenger, Schwartz and others observed
that the trapezoidal rule can be used to formulate an efficient and
accurate quadrature scheme, when combined with a transformation
that converts the integrand function into a bell-shaped curve that goes

to zero rapidly.
One scheme discovered at the time is now known as the “tanh” rule.

A related method is known as the “tanh-sinh” rule, which is now widely
used in experimental mathematics.

Ref:

1. Frank Stenger, “Integration Formulae Based on the Trapezoidal Formula,” Journal of the Institute for
Mathematics and Applications, vol. 12 (1973), pg. 103-114.

2. Charles Schwartz, “Numerical Integration of Analytic Functions,” Journal of Computational Physics, vol.
4 (1969), pg. 19-29.

3. H. Takahasi and M. Mori, “Double Exponential Formulas for Numerical Integration,” Publications of
RIMS, Kyoto University, vol. 9 (1974), pg. 721--741.
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The PSLQ Integer Relation Algorithm N

Let (x,) be a vector of real numbers. An integer relation algorithm finds
Integers (a,) such that

aixr1 +arxo+---+anxrp, = 0

= At the present time, the PSLQ algorithm of mathematician-sculptor
Helaman Ferguson is the best-known integer relation algorithm.

= PSLQ was named one of ten “algorithms of the century” by
Computing in Science and Engineering.

= High-precision arithmetic software is required: at least d x n digits,
where d is the size (in digits) of the largest of the integers a,.

Refs:

1. H. R. P. Ferguson, D. H. Bailey and S. Arno, “Analysis of PSLQ, An Integer Relation Finding
Algorithm,” Mathematics of Computation, vol. 68, no. 225 (Jan 1999), pg. 351-3609.

2. D. H. Bailey and D. J. Broadhurst, “Parallel Integer Relation Detection: Techniques and
Applications,” Mathematics of Computation, vol. 70, no. 236 (Oct 2000), pg. 1719-1736.



® & o o

® € & o oo o

LBNL’s Arbitrary Precision Software N A
ARPREC and QD ceece] B

BERKELEY LAB

ARPREC: Arbitrary precision levels.
QD: double-double (32 digits) and quad-double (64 digits).
Written in C++ for performance and portability.

C++ and Fortran-90 translation modules that permit conventional C++
and Fortran-90 programs to utilize the package with only very minor
changes.

High precision integer, floating and complex datatypes.
Support for datatypes with differing precision levels.
Common transcendental functions (exp, sin, log, erf, etc).
Numerical integration routines.

PSLQ routines.

Special routines for extra-high precision (>1000 digits).

Avallable at: http://www.experimentalmath.info
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The BBP Formula for Pi cecerd] B

In 1996, a computer program running the PSLQ algorithm
discovered this formula for pi:

o0 , V) ~ N
— 4 Z 1 1

mT = ;""k("’ — . T . . - . . - T . ,.\,
y—o 16" \8k+1 8k+4 8k+5 8k+6/

This formula permits one to directly calculate binary or hexadecimal
(base-16) digits of pi beginning at an arbitrary starting position n, without
needing to calculate any of the first n-1 digits.

The discovery of this formula has led to several other results, including
new results on the normality (digit randomness) of pi and log 2.

Ref:
1. D. H. Bailey, P. B. Borwein and S. Plouffe, “On the Rapid Computation of Various Polylogarithmic
Constants,” Mathematics of Computation, vol. 66, no. 218 (Apr 1997), pg. 903-913.



Some Other Similar BBP-Type — A
ldentities \'"
- 1 1 [/ 144 216 72 54 e) \
¢ = =y — |- S S S — - —
8, =64 \(6k+1)2 (6k+2)2 (6k+3)%2 (6k+4)2 (6k+5)2)
> 2 & 1 / 243 405 81 27
TT o7 & 720k (126 +1)2 (126 +2)2 (12k+4)2  (12k+5)2
k=0 \\ | / \ [ J \ i J \ | J
72 9 9 5 , 1 \
_/-ir\1 1 ~\D - 4~ 1 =\ - 4T 1 A\ - VWt 1 a ~A\D _I_ 4~ 1 -.-.\’)l
(12k+0)c (12k+7)c (12k+03)c (12k+ 10)~ (12k +11)<)
1 X 1 [/ 6144 43008 24576 30720
C(3) - P > o101, [ 7~ 2 P N ~\ —~ ~\N 2 + 7~ 2
1792 /= 212k \ (24k +1)3  (24k+2)3 ~ (24k+3)3 ~ (24k +4)3
1536 3072 768 3072 2688
_ — _I_ _ —
(24k +5)3 ' (24k+6)3 (24k—|—7)5 (24k +9)3  (24k+ 10)3
192 1536 96 672 384
(24k 4+ 11)3  (24k+12)3 (24k+ 13)3 (24k+ 14)3 (24k+ 15)3
. 24 _ 48 12 . 120 _ 48
+/r\/|1 | 1—;\Q+/AA1 1 -Iﬁ\Q_/f'\/l1 1 1A\Q+/nn1 | AA\Q+/r\A1 1 A4\
(Z£4Kk + 17)> (24K + 1o)°> (L4R + 19)° (£4Kk + 2U)~> (£4Kk + 2Z21)>
42 , 3 \
_/,\1.1 ~A~A\R + f~ A1 | r\f\\Ql
(24K + 22)° (24K + 25)° )
25 (781 (57-5v5\Y>) = 1/ 5 1
> 991256 \57+5v5) | -%‘-55’“\5.1@—!—2_'_ k—l—?)
\ \ ' v~/ ) k=0 '

Ref. Various papers by D. H. Bailey, P. B. Borwein, S. Plouffe, D. Broadhurst and R. E. Crandall.
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s There a Base-10 Formula for Pi? .. :

For some constants, both a base-2 and a base-3 formula are known.

Question: Is there any base-n (n # 2°) BBP-type formula for pi?
Answer:. No. This is ruled out in a 2004 paper.

This does not rule out some completely different scheme for computing
non-binary digits of pi beginning at an arbitrary starting point.

Ref: J. M. Borwein, W. F. Galway and D. Borwein, “Finding and Excluding b-ary Machin-Type BBP
Formulae,” Canadian Journal of Mathematics, vol. 56 (2004), pg 1339-1342.



Sample of Recent PSLQ Results: —

A
1

Euler Sum Identities
3 - 1y __ L _ 37T 6_,2
k§::1<1+5+m+5) (k+1)* ~ 22680 — ¢,
S 1 1 N4 1
n;(l*i*g*“'*;) 15
——C(9> + —C(4)C(5) + —6(3)6(6) — —<3(3) 7¢(2)¢(T),
<3>+ﬂ<(9>+ 2(7) - L1 4 503),

120 7560

Ref. David H. Bailey, Jonathan M. Borwein and Roland Girgensohn, "Experimental Evaluation of Euler
Sums", Experimental Mathematics, vol. 3, no. 1 (1994), pg. 17-30.



Sample of Recent PSLQ Results: f“\l A
Apery-Like Sum ldentities e
The following identities were recently found using integer relation methods:

(5) %g (:1)k+1 5 gg (:1)14:4—1 k—1 1
C5) = 22 —5mm T 52 R 2

k=1 k(%)  “r=1 F(%) j=17

c o0 /7 aNk4+1 A= OO avkd1 k—1 4
(7)) = 2 Y e T 2
U T2 w@®) T2 & B A
O R ot D LA T N G D L R CO DL g et
S\P)T y 2 o2k T4 A T y7(2ky 2w 2T Y 2 T 5ok 2 A

k=1 \ k) k=1 \k) Jj=17 k=1 \k ) j=17
145 X (DRl 25 X (kA Al
421 BB(E) =0 43 B =t =

x an 5 X (—1)k+1 k=1l 71 4 424 /m?
> C(An+3)a™ = 23— 12 T
n=0 231 k3 ()@ —at/kH) =g \ L —at/m
S s 1 k=1 /1 4 2 /m?
ZC(2n+2)fE2n — 32 2k H ( 2 /o2
n=0 k:le(k>(1—fE2/k2>m:1 1 —z%/m

Ref: D. H. Bailey, J. M. Borwein and D. M. Bradley, “Experimental Determination of Apery-Like Identities for
Zeta(2n+2),” Experimental Mathematics, vol. 15 (2006), pg. 281-289 .




The Euler-Maclaurin Formula of )\I \
Numerical Analysis reeeecl]
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n

[ F@de = hY @) =5 (f@) + FO)
a ]:O

- (D) - 1Y) — E(h)
= (27;)! K )
' TNl «— AL o N\TL /0. \12m oy | 2MF2 pr N
o(n) < 20— a)|n/(2m)] Mmax | Jx)]|

[Here h = (b - a)/n and x;=a + | h. D™ f(x) means m-th derivative of f.]

Note when f(t) and all of its derivatives are zero at a and b (as in a bell-
shaped curve), the error E(h) of a simple trapezoidal approximation to
the integral goes to zero more rapidly than any power of h.

Ref. Kendall Atkinson, An Introduction to Numerical Analysis, John Wiley, 1989, pg. 289.
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High-Precision Integration and the = .
Euler-Maclaurin Formula rereoee] o

Given f(x) defined on (-1,1), employ a function g(t) that goes from -1 to
1 over the real line, with g’(t) going to zero for large |t|. Then setting x =

g(t) yields

L (OO N N X
/_11‘(96) ar = /_Oof(g(t))g (t)dt = h ) w;j(z;)
—N
Here x; = g(hj) and w; = g'(hj). If g'(t) goes to zero rapidly enough for
large t, then even If f(x) has a vertical derivative or blow-up singularity at

an endpoint, the product f(g(t)) g’(t) typically is a nice bell-shaped
function for which the E-M formula applies.

Such schemes often achieve quadratic convergence — reducing h by
half produces twice as many correct digits.

Ref: David H. Bailey, Xiaoye S. Li and Karthik Jeyabalan, “A Comparison of Three High-Precision
Quadrature Schemes,” Experimental Mathematics, vol. 14 (2005), no. 3, pg. 317-329.




oy

Four Suitable ‘g’ Functions coorend] :

g(t) = erf(t)  ¢) = ——e
\/7'('
)
g(t) = tanht ¢'(t) = —
cosh<t
. sinh t
g(t) = tannh(sinht)  g(t) = cosh?(sinht)
, /9 .cinh +
. : / _ [< 2
g(t) = tanh(x/2-sinht) g(t) = 5
CUDI I \(/4 Dllllll/}

“Error function” or “Erf” quadrature uses the first formula.
“Tanh” quadrature uses the second formula.

“Tanh-sinh” quadrature uses one of the last two formulas.



Original and Transformed Integrand f“\l \

Functions
4.5L | | | | | | | |
Original function on [-1,1]: 1
7t
f(t) p— — |Og COS <_> 2.5—2':

Transformed function on real line

using tanh rule:

f(g()g'(t)
<z log Ccos (

7

04

035

o | TN

- .
7T Larnt

7

) / cosh?t

01 F

0.05 / \
_// \ | \
—t ' 1 T
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Gaussian Quadrature Versus : A
Tanh-Sinh Quadrature ,\l "

Gaussian quadrature:

Most efficient scheme for continuous, well-behaved functions.

In many cases, halving the integration interval doubles the number
of correct digits in the result.

Performs poorly for functions with blow-up singularities or vertical
derivatives at endpoints.

The cost of computing abscissas and weights increases as n? and
thus becomes impractical for use beyond a few hundred digits.

Tanh-sinh quadrature:

Accurately evaluates almost all “reasonable” functions, even those
with singularities or vertical derivatives at endpoints.

In many cases, halving the integration interval doubles the number
of correct digits in the result.

The cost of computing abscissas and weights increases only as n,
so the scheme is suitable for hundreds or thousands of digits.



Application of High-Precision Tanh-
Sinh Quadrature

24 /2 'tant 4+ /7|

- = | |09‘ ,:‘dt

77 Jn/3 ‘'tant — /7|
= 1 1 1
— ZE: [ — 1 a4 NN 4_ [ — ' ﬁ\’)__ [ — 1 o ~\"

—o L(Tn+ 1)< n+2) (Tn+ 3)<

i 1 1 1 1
(Tn+4)2 (Tn+5)2 (Tn+6)2|

This arises from analysis of volumes
of ideal tetrahedra in hyperbolic
space. This “identity” has now been
verified numerically to 20,000 digits,
but no proof is known.

Ref. D.H. Bailey, J.M. Borwein, V. Kapoor and 2

E. Weisstein, “Ten Problems in Experimental 1
Mathematics,” Am. Math. Monthly, Jun 2006.
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Box Integrals cecerd] B

Spurred by a question posed in Jan 2006 by Luis Goddyn of SFU, we
examined integrals of the form:

|

Bn(s) = /,:"' /;1 (r%—l—...—I—Tg)S/z drq---drn

The following evaluations are now known:

R
iJ

=

(1) —
\+/

=

2
\/§ 1 :
B>(1) = Y24+ “log(v2+1)
Z \ 7/ 3 3 =4 \ ! /
\v/g ]- / —\ s
B3(1) = — 4+ —log (2+V3) — —
4 T2 7\ /24
2 7 1 7 1
Ba(l) = -+ %'—("v@ — ~— log (1 + '\/5) + log (3) — E'\/ﬁarctaﬁ (v@) + — Ko
where
=  ~
. rllog(1+ /3 +y®) —log(—=1+ /3 +y°)
A0 — du
0 Jo 1+ 42 7

Ref: D. H. Bailey, J. M. Borwein and R. E. Crandall, “Box Integrals,” Journal of Computational and Applied
Mathematics, to appear, http://crd.lbl.gov/~dhbailey/dhbpapers/boxintegrals.pdf.
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Ising Integrals cecerd] B

We recently applied our methods to study three classes of integrals that
arise in the Ising theory of mathematical physics:

4 yoo 00 1 duq dun
Cn = — /O i
(Z 1(“ + 1/“3)) "
TT. Ui—tj 2 ] )
D L 4 /oo /oo i<y \uz—|—ujj duq dun
B 4 [oo (00 /’un — U \Qdflwl dun
T o /Q l<1 (\u —!—’L.j/) U1 . Un,

Ref. David H. Bailey, Jonathan M. Borwein and Richard E. Crandall, “Integrals of the Ising Class,” Journal
of Physics A: Mathematical and General, to appear, http://crd.lbl.gov/~dhbailey/dhbpapers/ising.pdf.
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Richard Crandall showed that the multi-dimensional C_ integrals can be
transformed to 1-D integrals:

Computing and Evaluating C, 'W\| )

2™ roo
Cn = — | tKZ(t) dt
n! Jo

where K, is the modified Bessel function.

We used this formula to compute 1000-digit numerical values of various
C,,, from which these results and others were found (and subsequently

proven):
C1 = 2
Co =1
C3 = L_3(2) = . .

= ) - _
2\ @B+ 1? Gn+t2)?)
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Limiting Value of C, |

The C, numerical values approach a limit:

Q

[EY
)

Q

Q

|_l

(®) >
(@) (@)

(
3

@
O

N &

N N e N N N N m T e T N e e e B B B NI NN N N 8 N N N N N N e N N 8 5 S

AANNT72AENRAQAT7QDVARE2210AQ0O0ANTONT1 QA EONOAOA
VOUTIT DIVUVIOIOI I OVOVIIOJVIOLOVIITLIULOIDIUVUIVIT.
63047350337438679612204019271903171
63047350337438679612204019271087890

What is this limit? We copied the first 50 digits of this numerical value into
the online Inverse Symbolic Calculator tool, available at

http://oldweb.cecm.sfu.ca/projects/I1SC/I1SCmain._html

The result was:

De—27Y

where gamma denotes Euler’'s constant.
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Limiting Value of C, cecerd] B

i
En;;;E\

We can prove this limit, and obtain a high-order expansion by writing

2" PO 00 2™ rpo 1
Co = S [P+ [ ) o8 dp = = [P pK5) dp+o ()
n! \JO PO n! Jo n!
where
Py = De ™27

By applying the well-known identity (here H, is the harmonic number)

Ko = ¥ oo (1~ (v+100))

k1.12
k204 k!

and applying various manipulations, we obtain

2
4 n 2n< + 23n + 576_
21 3".6

C, = 2e 27+ oy ...
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Other Evaluations cecerd] B

BERKELEY LAB

1/3

8 + 47°/3 — 27 L_3(2)

47%/9 —1/6 — 7¢(3)/2

6 —8log?2

10 — 272 — 8log 2 + 3210g° 2

22 — 82¢(3) —241log2+ 1761092 2 — 256(log>2)/3
+167°log 2 — 2272 /3

42 — 1984 Lig(1/2) + 1897%/10 — 74¢(3) — 1272¢(3) log 2
+407° 1092 2 — 6272/3 + 40(w? 10og 2) /3 + 88log* 2

+464 Iog2 2—40log?2
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The Ising Integral Eg cecerd] B

We were able to reduce E., which is a 5-D integral, to an extremely
complicated 3-D integral (see below).

We computed this integral to 250-digit precision, using a parallel high-
precision 3-D quadrature program. Then we used a PSLQ program to
discover the evaluation given on the previous page.

By = [ [ 20~ 22Q -2 - o) - 2 - 32 - ay2)? (- 4+ Dy + D109(2) (1757~ y* 2@ + D2+ 3 % (17 +1) 2 + 4+
Dz+5)2°+32 (dy(y+ )2 +3 (12 +1) 22+ 4+ D)z — 1) a* +y (2 (2 + 424+ 5) 2 + 4 (22 + 1) y + 52+ 4) a3 + ((-322 — 42+ 1) y° — 42y + 1) 22
—(y(5z24+4)+4)x—-1)]/ [(:1.- —1)3(ay — 1)3(2yz - 1)3] + [3(!; - 1)%y*(z - 1)22%(y2 — 1)%25 + 2432 (3(z —1)2:35 422 (523 +3224324 5) y* + (2 - 1)2%
(522 +162+5) 3 + (325 + 32% — 22:3 - 22:2 4 32+ 3) 52 + 3 (—22* + 23 + 222 + 2 - 2) y + 323 + 522 + 52 4+ 3) 25 + 42 (7(2 — 1)%%° — 223 (23 + 1522
+152 4+ 1)y® + 222 (—212% + 623 + 1422 + 62 — 21) y* — 22 (2° — 62" — 2723 — 2722 — 624+ 1) v + (72° — 302° + 282" + 5423 + 2822 — 302 + 7)y? - 2 (72°
41524 — 623 — 6224 152+ ?) y+ 724223422 2.4 ?) at -2y (3 (z3 922~ 9z 4+ 1) YO + 22 (?z“ 1423 — 1822 — 142+ ?) >+ 2(72° +142% + 3
P +32 4142+ 7)y + (2 - 142° + 327 + 8423 +3:2 - 142 4 1)y3—3(3z5+6z4—z3—z2+6z+3)y?— (92% +142° — 1427 + 1424+ 9) y + 22 + 722 + 72
+1)a2® + (22 (1134 + 62— 6622+ 62+ 11) v®+22(52°+132% - 22 - 2.2+ 132 + 5) Yo+ (11:».6 +262° + 442% — 662° + 4422 + 2624+ 11) y* + (625 -4
2% - 662% — 6622 — 424 6) y> — 2(332% + 2% — 2222 + 224 33) y? + (62> + 2627 + 262+ 6) y + 1122 + 10z + 11) a2 — 2 (2% (52 + 322 + 32 4 5) y° + = (222*
+523 - 2222 + 52+ 22) y* + (525 + 52* - 2623 - 2627+ 52+ 5) 3 + (32* - 2223 - 2627 - 22: 4+ 3) 1% + (323 + 5.2+ 52+ 3) y + 522 + 222+ 5) a + 1522 + 22
+2y(z = D2z + 1) + 232 — 1222 + 1) + y*22 (1522 + 22 +15) + 92 (152* — 223 - 9022 — 22+ 15) + 15| / [( — 1)?(y — 1)?(2y — D)2(z - 1)3(yz — 1)?
(pyz—1)%] = [4@+ D+ Dz + 1) (-2 + 242G+ DP + (2 + 1) ? - 4G+ Dy + 42 (¥ - 1) (1722 - 1) + 22 (22 - 42+ Dy® - (2 + 1) 2
+4(z+ Dy +1) - 1)log(z + 1))/ [(z — 1)%a(y - 1)3(wz — D3] ~ [44 + D(ey + Dz +1) (7 (2 - 42 - 1) y* + 4@ +1) (2 - 1) * ~ (o® +1) (2 - 42 - 1)

y? =4 +1) (2~ 1)y + 22 42 - 1) log(ay + 1] / [2(y = 1)*y(ay ~ 1)*( = 1)*] = [4 + Dz + 1) (#%°" + 2% a(y + 1) +5)2° — 2> ((4°+

1)a? —4(y+ 1)z —3)2° — 2 (4y(y+ 1)2° + 5 (1 + 1) 2 + 4y + Dz + 1) 2* +y (v% — 4y + 1)2° - 3 (12 + 1)z - 4(y + 1)) 2> + (52%y% + 4° + 4a(y + 1)
y+1) 22+ ((Bz+4)y +4)z — 1) log(wyz + 1) / [zy(z — 1)32(yz — 1)3(zyz — 1)3])] / [(& + 12y + 1?2y + 1)3(z + 1% (2 + 1)2(2yz + 1)?
dx dudz
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Recursions in Ising Integrals ’\| ‘;i}

BERKELEY LAB

Consider this 2-parameter class of Ising integrals:

A o N N 1 ,.1- s ,.1,. 2
4 [0 o0 1 auq aln

Cn)k - / N
o (gt 1)

After computing 1000-digit numerical values for all n up to 36 and all k up to
75 (a total of 2660 individual quadrature calculations), we discovered (using
PSLQ) linear relations in the rows of this array. For example, when n = 3:

= (C30—84C32+216C34

2031 —69C33+ 135C3 5

U302 —24C3 4 + 40036

32C33 — 630C3 5 + 945C3 7
125C3 4 — 2172C3 6 + 3024C3 g

O 0O o oo
1

Similar, but more complicated, recursions were found for larger n (next page).

Ref. David H. Bailey, David Borwein, Jonathan M. Borwein and Richard Crandall, “Hypergeometric Forms for
Ising-Class Integrals,” Experimental Mathematics, to appear, http://crd.Ibl.gov/~dhbailey/dhbpapers/meijer/pdf.
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Experimental Recursion for n =24 ’\| ‘;i}

?
0 = (s
—1107296298 024,3

+1288574336175660 Cay 5
—88962910652291256000 C24 7
+1211528914846561331193600 Co4 9
—5367185923241422152980553600 Co4 11
49857686103738772925980190636800 Cy4. 13
—8476778037073141951236532459008000 C)4 15
+3590120926882411593645052529049600000 Co4 17
—745759114781380983188217871663104000000 Coyg.19
+71215552121869985477578381170258739200000 Coyg 21
—2649853457247995406113355087174696960000000 Ca4 23
+24912519234220575094208313195233280000000000 C24 25
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We were able to find general recursion formulas for each n up to 36:

General Recursion Formulas cecerd] B

0 = (k+1)C1p— (k+2)Cq j40
(k+ 1)2Co 4, — 4(k + 2)?Co g
0 = (k+1)3C3;—2(k+2) (5(k+2)° 4 1) C3 40
+9(k +2)(k+3)(k+4)C3 j44
0 = (k+1)*Cqp—4(k+2)?(5(k 4+ 2)? 4+ 3)Cq 42
+64(k 4+ 2)(k +3)%(k + 4)C4 44
0 = (k+1)°C5; — (k+2) (35k4 + 280k3 + 882k2 + 1288k + 731) Cs jt2

+(k 4+ 2)(k + 3)(k + 4) (259k? + 1554k + 2435) Cs j,4-4
—225(k+ 2)(k+ 3)(k+4)(k+ 5)(k+ 6)C5 k+6

o
[

New Result: A new manuscript by Jonathan Borwein and Bruno Salvy
proves that the Cn,k satisfy recursions. The authors hope to rigorously
establish all of the experimental results mentioned here.
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Spin Integrals cecerd] B

In another application of experimental high-precision integration to
mathematical physics, we recently investigated some integrals first
studied by Boos and Korepin:

1 r

P(n) = ——— | UpTp dA1d)s -+ d)n,

(’)’TF’)‘\n ’n
\hllu/ v

Here C denotes the contour {x - i/2, X on real line}, and

b}
T

~

1 7T

] \
U — on(nt1)/2 [Ij<ksi A — Aj)
= .

[T;sinh™ 7\,
4 J

I1; Ag_l(Aj + i)nJ
[Ljck(Ag — Aj —4)

Tn:

Ref. D. H. Bailey, J. M. Borwein, R. E. Crandall, D. Manna, “New Representations for Spin Integrals,”
manuscript, 2007 (work in progress).




Sy

Spin Integrals cecerd] B

We were able to transform this expression to the following more
manageable form over a finite n-dimensional interval:

oy = QO [ [ ) (v )

—7/2 /2

x I S'”¢h_s'”¢kd¢1d¢2 dém

1<k<h<n ap — ap — 17

By evaluating this n-dimensional integral numerically, we have verified
some analytic evaluations given by Boos and Korepin, and hope to
extend their results.
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Evaluations of P(n)
Derived Analytically, Confirmed Numerically
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A
I

P(2): 120 digits in 10 seconds.

P(3): 120 digits in 55 minutes on 8 CPUs.
P(4). 60 digits in 27 minutes on 64 CPUSs.
P(5): 30 digits in 39 minutes on 256 CPUSs.
P(6): 6 digits in 59 hours on 256 CPUs.

® © & o o

We need new, more efficient techniques for evaluating multi-
dimensional integrals!
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High-precision numerical integration has emerged as an extremely
valuable tool in engineering, physics and experimental mathematics.

The theoretical foundation for this work was laid down by Stenger,
Schwarz and other pioneers in the 1960s and 1970s.

Tanh-sinh quadrature, which derives from this early work, is very robust
and efficient, especially for integrands with singularities or vertical
derivatives at endpoints, or for precision levels greater than 1000 digits.

But significant challenges remain:

¢

We need to better understand the behavior of these schemes across a
wide range of integrand functions.

Efficient, high-precision computation of multi-dimensional integrals, both
for regular and non-regular integrands, remains a major challenge.

Some completely new approaches to integration should be investigated.
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