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ABSTRACT

A practical implementation of the techniques of interval
analysis developed by Professor R. E. Moore (Interval
Analysis, Prentice-Hall, 1966) is described for solving systems

of differential equations on the CDC 3600 and 1604.




' A PROGRAM FOR THE SOLUTION OF DIFFERENTIAL
EQUATIONS USING INTERVAL ARITHMETIC
(DIFEQ)
For the CDC 3600 and 1604

J. A. Braun and R. E. Moore

Purpose

To provide a numerical solution, together with machine computed error bounds,
for systems of N first order differential equations. Error bounding is rigorous,
completely automatic and includes truncation errors, round-off errors and errors
in initial data. This package is designed for use with FORTRAN. For a full
description of the theory behind DIFEQ, see [1]
Input

The first two data cards contain respectively, in I3 format, the size, N ,
of the system and the number of terms NDER, to be taken in the Taylor expansion.
The next three data cards contain respectively, in E20.8 format, the starting
value TSTART, of the independent variable, the final value, TFINAL, of the
independent variable and the printing interval DELTAT of the independent vari-
able. The next set of data cards contains the system of equations, subject to
the rules contained in Formulae below. The final data cards contain, in C(E20. 8,
E20.8) format, the initial conditions, given as intervals — degenerate or other-

wise — and appearing in the order yl’ yz, \% etc.

3’
See EXAMPLES below for illustrations.
Program DIFEQ is written for use with FORTRAN 63 on the CDC 3600 and

1604.

Sponsored by the Mathematics Research Center, United States Army, Madison,
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Formulae

The system of equations is to be given in strings of first order equations,
all equations ending with a terminating character "$" . One must supply NJr
equations defining the dependent variables. .A dependent variable name is a
string of two or three alphanumeric characters, the first of which must bea Y.
The name of the derivative of the dependent variable is like the dependent variable with
the exception that the first character must bea D . In the equations all variable
names, operator names, left parentheses, right parentheses, termination charac-
ters (i,e. $) and equality signs must be separated from each other by at least
one blank, (subsequent blanks will be ignored) and contain no blanks within
themselves. As usual, columns 73-80 will be ignored.

If a parameter is to be used its name must be any string of one, two or three
letters the first of which must bean M, (e.g. MU). A shorthand variable may
be used and its name may be any string of one, two, or three letters, the first of
which is not a Y,D, or M . All constants may appear signed or unsigned in
Integer, E or F format. All of these cards will be read in until N dependent
variables have been read in. The equations may be strung out over many cards,
or several formulas may appear on one card. The termination character signifies

the end of one equation and the end of a card has no real significance.

EXAMPLES
dy
1.) PROBLEM: Ix 2y, y(0) =1

INPUT DATA DECK: 001
010
0.0
0.1
Dl =2 % Yl §
1.0

T N equéls the size of the system.
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These cards correspond respectively to:
N, Size of system;
NDER, Number of Taylor series terms to be used;
TSTART, Initial value of x;
TFINAL, Final value of x;
DELTAT, Print interval;
The Differential Equation ;

Initial value of vy.

2.)
2
PROBLEM: gY-:y y(0) = 1
dx
INPUT DATA DECK: 001
010
0.0
1.0
0.1
Dl = Y1 # 2 %
1.0
3.)
px =1+p) (1 -p)lx, +p)
PROBLEM: %, - 2%_ = X. - -
1 2“1 3 3
r R
¢ 42% o kx, (L-px,
XpTeX =%~ 73 - 3
r R
2 2
T = {(x1 -14+p) +x }1/2
2
2
R= {(x, +pf + 22}
1 2
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INPUT DATA DECK:

004
010
0.0
2.2234346E-04
2.2234346E-04

MU = .01215 $

SMR= ((YI-1+MU )% 2 + Y2 %% 2) %% 5 §

BGR= ( ( YL+ MU ) %k 2 4 Y2 s 2) 5 %

Dl =Y3 §

D2=Y4 $

D3=2 % Y4 + Y1 -MU * (YI-14+MU)/SMR** 3 - (1-MU) *

( YI+MU) / BGR

D4 = -2 % ¥3 + Y2 - MU =

-1.7641402E-02
~1.6018386E-02
9.8544878E 00

-4.1519712E 00

3 3
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Qutput

The output will be as follows:
The equations will be printed as they were read in, followed by the list of initial
conditions and their errors. Then for each printing interval, DELTAT, (specified
on the fifth data card), the following will be printed: the real time elapsed since
the last print statement, the total real time elapsed, T, the present value of the
independent variable solution (s) at that value, and their associated errors.
Printing will stop when the solution at the final value of the independent variable
TFINAL has been printed, see examples.

The following messages may occur:

SOLUTION IS A CONSTANT, when such is the case. When the solution is a
polynomial - its coefficients will be printed. Delta T = 0 will be printed when
a solution cannot be obtained at a given value of the independent value, and

the program will terminate.
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Other Subroutines

The subroutine SEARCH has been omitted from the listing of DIFEQ because
it is contained in the 1604 and 3600 libraries. Below is a listing of SEARCH if
it is needed. It is @ general table — lookup routine. The calling sequence is
CALL SEARCH (N, TABLE, ARG, IND), where:

N is the number of entries to be searched;

TABLE is the name of the array to be scanned;

ARG is the argument we are searching for;

IND is the output parameter, which containsthe ordinal of the argument in

the table; IND is zero if ARG is not in the table,

SUBROUTINE SEARCH (K, A, S, N)

TYPE INTEGER A, S

DIMENSION A(K)

DO 10 I=1,K

IF (S. EQ. A(I) 11, 10

10 CONTINUE

N=0
RETURN
I N-=I
END
REFERENCE ;
1. Moore, R. E., "Interval Analysis", Prentice-Hall, 1966.
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Listing of DIFEQ for the CDC 1604 may be obtained by writing to

Mathematics Research Center
University of Wisconsin
Madison, Wisconsin 53706

Following is the listing of DIFEQ for the CDC 3600.

PROGRAM DIFEQ DFQ
THIS PROGRAM PRODUCES A NUMERICAL SOLUTION FOR A SYSTEM QF N DFQ
FIRST-ORDER URDINARY DIFFERENTIAL EQUATIONS WITH GIVEN DFQ
INITIAL CONDITIONSe THE SYSTEM IS ASSUMED TO BE AUTONOMOUSe  DFQ
ERROR-BOUNDING IS RIGOROUSs COMPLETELY AUTOMATICs AND INCLUDESODFQ
ROUND-OFF £RRORSe METHOD OF SOLUTION IS BY EXPANSION IN A DFQ
TAYLOR SERIESe COMPUTATION IS DONE USING INTERVAL ARITHMETIC. DFQ

DFQ

INPUT IS AS FOLLOWSe FQ
1) N (SIZE OF THE SYSTEM) DFQ
2) NDER (NUMBER OF TERMS TO BE TAKEN IN THE TAYLOR EXPANSION) DFQ
3) TSTART (STARTING VALUt OF THE INUEPENDENT VARIABLE) DFQ
4) TFINAL (FINAL VALUZ OF THEt INDEPcNOENT VARIABLE) DFQ
5) DELTAT (PRINTING INTERVAL - ReSULT WILL BE PRINTED FOR EACH DFu
INCREMENT OF DELTAT IN THE INDEPENDENT VARIABLE) DFQ

6) THE SYSTEM OF EQUATIONSs REPRESENTED BY FORTRAN-TYPE DFQ
STATEMENTSs EACH EQUATION TERMINATED BY $ DFQ

7) THE INITIAL CONDITIONSs GIVEN AS INTERVALS (DEGENERATE OR  DFQ
OTHERWISE) « DFQ

DFQ

, DFQ

TYPE IN5(2) YsDsuWsT yUELTAT»YOLD 9PSEULT » BBOX DFQ
COMMON YsDosQsTINOYSHNDER DFQ
DIMENSION Y(31912),D(31912)9Q(31930)sT(315100)sYOLD(31s12)> DFQ
1880X(12) sYYOLD(31) DFQ
COMMON/OVERFLOW/ INDCAT DFQ
COMMON/YOLD/YOLD DFQ
DIMENSION DT(2)sYY(2s31s12)s8B(2+12) DFQ
EQUIVALENCE(DTsDELTAT) » (DELTsDT(2))s(YsYY) s (BBOXsBB) DFQ
DATA(DT=0.) DFQ
DATA (TWOM36=1e4556~11) DFQ
TYPE LOGICAL SW DFQ
READ 1sNSYSaNDER UFQ
FORMAT(13) OFQ
ND1=NDER+1 DFQ
READ 2sTSTARTsTFINALsPRINTDEL OFQ
FORMAT(E2048) DFQ
CALL COMPILE(NSYSsNDER) DFQ
CALL ZCODEINT(YsDsQsT962) DFQ
READ 3s((YY(I2s1511)9s12=1s2)3s11=1sNSYS) DFQ
FORMAT((E204835E2048)) DFQ
DFQ

INITIALIZATION DFQ
DELT=POWER2(2¢*%(=364/(NDER-1))) DFQ
IF(DELTeEQe0) GC TO 500 DFQ
CALL PRINSTAR(TSTARTsPRINTDEL) DFQ
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10

20

30

40

50

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
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100

110

120

130

140

150

142
743
T4k

745

746

747

748

749

Sw=0 DFQ

TIME=TSTART DFQ
OFQ

OFQ

MAIN LOOP OFQ
OFQ

COMPUTE THE FIRST (NDER-1) DERIVATIVES AT Y=YQ oFQ
CALL YSUPERK(NLER-1) DFQ
PSEUDT=0. LFQ
OBTAIN NORM QF Y! bFQ
YNORM=FNORM(DsNSYS) DFQ
IF{YNORM+sEWeO) GO TO 500 DFQ
SAVE THE VALUES OF YO DFQ
DO 110 J1=1yNDER bFQ
DO 110 K1=1sNSYS DFQ
YOLD(J19K1)=Y(J19K1) ' DFQ
DFQ

OBTAIN B-BOX DFQ
DO 130 K2=1sNSYS OFQ
Y{(1sK2)=YOLD(1sK2)+YOLD(2sK2)%¥DELTAT/YNORM DFQ
BBOX(K2) =Y (1sK2) DFw
DFQ

OBTAIN A-80X UFQ
INDCAT=0 DFQ
CALL YSUPERK(NLER) - DFQ
IF(INDCAT) 1509160 DFQ
LFQ

CANNOT COMPUTE REMAINDER OVER B-BOX - HALVE B-BOX AND TRY AGAINe DFQ
DELT=POWER2(DELT/24) DFQ
IF(DELTeEWQe0) GO TO 500 DFQ
GO TO 120 OFQ
PRINT 743 DFQ
FORMAT(30Xs30HTHERE IS A POLYNOMIAL SOLUTION) DFQ
PRINT 744 DFaQ
FORMAT (50X %2 N*) DFQ
PRINT 745 LFQ
FORMAT (* THE POLY IS OF THE FORM P(X)=A0+ALl(X~X0)+A2(X-X0) +eeeeetDFQ
XAN(X-X0) *) DFQ
PRINT 7465 TIME OFQ
FORMAT (% WHERE XU=#F7,2) DFQ
PRINT 747 OFQ
FORMAT(* COEFF BELOW-CONSTANT TERM FIRST¥) bFQ
IF(YOLDINDERs1)eNE«O) GO TO 749 DFQ
NDER=NDER~1 DFQ
GO TO 748 VFQ
DO 800 J=1sNDER DFQ
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470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
120
730
740
750
760
710
780
790
800
810
820
830
840
850
860
870
880
890
900
910
920






































































































































































