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FOREWORD

This report presents results obtained in connection with

research on automatic error analysis.
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ABSTRACT

An arithmetic for intervals was studied by Moore and Yang (Ref. 1) as a basis for
error analysis in digital computations. In that study,an integral JF was defined
for certain functions ¥ whose domain and range are contained in tﬁe space of bounded
closed intervals of real numbers. The present paper establishes further properties
of the integral defined there and relates this integral to integration of ordinary real-

valued functions.
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Section 1
INTRODUCTION

R will be used to denote the real line. Whenever a and b are real numbers with
as b, [a ) b] will denote the subset of R consisting of all real numbers x such
that a = x = b. By J we will denote the set of all intervals [a,b] eontained
in some interval. (Most of our results hold for 3 ={ [a,b] [ae R and be R}.
(Arguments involving compactness and uniform continuity lead us to work in 2 . )

We use the usual metric topologyin 3. S=8 will denote a subdivision

of [a,b]; [a,]

S ={a =Xy Xy Kgreeon X gy X =b}

When the points of the subdivision are equally spaced, it will sometimes be denoted
by Sn . By [a , b:] r , where r 1is a real number, we mean the set of all xr
such that xe [a ; b] . We denote by Z(F,S8) the summation

E(FsgS) =F [XO’ le (Xl'?'XO) + F [Xl’ xz:] (X2"‘X1)+ o e e

+ F [Xn.—l’ xn] (Xn - Xn—l)

Then Moore and Yang's integral is defined for each continuous function F: 2 — 4

for which F(A) C F(B) whenever A is an interval contained in the interval B, by

J F=0{zF 8}
[a,b] S

1-1
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Section 2
CONTINUITY OF INTEGRATION

Theorem 1. let F: 2 — 9 be a continuous function such that A C B = ¥F(A)C F(B).
Define G 4~ 4 by G [a b} = f FF. Then G is continuous.

[a. ]

Proof: Consider

{' G [ao , bo_] == f o
3 [ao ’ bo] S[ a,o ) bo]

it
>
™
/‘,11\
Cn
| o
£
@]
o
Q
| -
~——

where V_ = the open interval beginning at the left end-point of G [ao ) bo] minus
¢ and ending at the right end-point plus € . The term G [ao ) bo] is an interval
properly contained in V. and is the intersection of intervals Ioz ; therefore, one of

these intervals I, has a right end-point less than the right end-point of

; 1
i G [ao , boj + €/2 . Similarly, there exists 12 with left end-point greater than
‘ Al ¢ 1 - E e s e 2 1

| G [ao , bo /2. The I1 and 12 came from subdivisions & [ao , boj and

>2 3
S [a_,b ] . Then § [a ,b ]~ the subdivision, consisting of all end-points of
o' 7o “0’ "o

Lo
s
i
oy
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both original subdivisions so that

3

: . 3
Therefore, I, © V€ . Denote the subdivision S [a b ] as {ao Xyr X1 Xgyeens
o’ o
x =D } Then,
n 0

L = Flx, 0 % 30 - xg) + FLxp s % Jxy - x)

ek Flx g x ] & -x ) cVelc \A

where V. is a symmetric neighborhood of I3 with €4 = €/2. Let 6 stand

for any pos:;litive number less than min (x1 - Xy X - Xn_l) . By continuity of F ,
continuity of subtraction, and continuity of multiplication, we can choose 50 such
that if § < 6, - the interval F [xo *6, xl:] (Xl - (xo * 6)) differs from
F [xo, x1] (x1 - XO) by an amount less than 61/2 . Similarly,

Flx ;% %6] (, = 6 = x,_q) differs from F [x, 1 x,J(x, ~x ;) byan

amount less than 61/2 and, hence, the expression

F[xo:l:é, xlj(xl-xo)+F[x1,xzj(xz—x1)+...

+F[xn_2, X\rm—l](xn -2 *n —1)

+ Flx X :t(S](x £ 0-X
’ - n n n

n-1’ —1)

2-2
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differs from the summation 13 , which is identical except for the first and last terms,

by an amount less than 61/2 + 61/2 = €, . Thenif [a,b] € N [ao’bo] , We
' 0

have a subdivision .

wne

S=8
[a, b]

:{XO;I;(S,X]‘,XZ, -.usxn_‘l,xn':i:(s}

such that

Hence,

G[a, b] :n{<F’§[a,b])}CV€

and G is continuous at [:ao , bO] . This completes the proof.
The following example shows that AC B does not imply that G(A) € G(B). Define

f: [0 , 2] —B as indicated by the graph and F: f-— 9 to be the united extension
(Ref. 2, p. 552) of f.

/2 p

2-3

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION



LMSD-703073

For 5—0 12] ={o0, 1/4, 1/2, 1, 2} and B = [0, 2],

L

1
= <F'S[0, 2]>

it

F[o0,1/4] (1/4) + F[1/4,1/2] (1/4) + F[1/2, 1] (1/2) + F[1, 2] (1)

Il

[0,1/2] (1/4) + [0,0] (1/4) + [0,1/2] (1/2) + [1/2, 1/2] (1)

1l

[0,1/8]+ 0,07+ [0,1/4]+[1/2,1/2]

[1/2,7/8]

Now for A = [1/4,1/2], AC B. Butfor & = {1/4,1/2},
[1/4,1/2]

z(F,SA) = F[1/4,1/2] (1/2 - 1/4) = [0,0] /4 = [o,0]

But every further subdivision of B will include the summation over [1,2] and
hence the summand [1/2, 1/2] , and hence have left end-point = 1/2 . Therefore,
G®B) =[1/2+r,k] where v = 0, and G(A) = [0, 0] is not contained in G(B).

However, if for every X CA we have ’_F1 (X)) F2 (X) , then

fFlc sz
A A
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Section 3
DEPENDENCE ON DEGENERATE INTERVALS

Theorem 2. Let F2 and F1 be continuous functions from ¢ to  such that M C N
implies F(M)C F(N), (i = 1,2). Let G, = sz and G, = fFl and

F[x, x] = Fl[x, x] forall xeA. Then Gy(4) = G (4).

Proof: It is sufficient to show that every neighborhood of GZ(A) contains Gl(A) and

conversely. As the arguments are identical, only one of these will be shown.

Lemma 1. K {Ia } is a descending collection of closed intervals (i.e., for any two
of them there is a third one contained in their intersection) and I0 =N { Ia }, then

every neighborhood of I0 contains some Ioz € { Ia } .

Proof of Lemma 1: Let I be containedin N = N (I), I = [a ) b] . Agsume
o € €0 o

that every I has left endpoint a = a - e¢. Then n { I } has left end point
o o o al o

HA

ao - € 3 therefore, a, = a, - €. This is a contradiction and the assumption
is false. Hence, there exists Ia with left end-point a, > a - €. Similarly,

1 1
there exists Ia2 with right end-point bozz < b+ €. Hence, [aal , b @, ] cN_.

But in this descending collection, there exists oA such that

I cI NI C_[a , b ]CN
013 ozl Oéz al Q[z €

Lemma 2. Let S A be a subdivision of A = [a, b:], and S N subdivision of A

including all the points of SAand more. Then X (Fz, S A) cX <F2 , S A) .

3-1
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Proof: Let
'SA:{a:ao’al’ ’an:b}
and let
SZA; -1 = o ac1> a:)no, ay ai’ arlno, O el
Then

»F,, S "F['a 1]a1~ +-~+F[amoa]' _mo
(Z’A)-Zo’ao(oao)\ 20’1(‘11&0)

+ F [a alj al—a + oo+ F [aml a]a —qml
g Lay> 8yl (@;-ay) o L2y s agf(ay-a, )

+ « ..
myy -1

1 1 my.q
tFyla va J@ -a peee+ Fola 17 T a0

. . 2
Denote the lines in the above summation as Si , S 1 Srri-—l respectively. Now,

2(Fy, Sp) = Fy[ag, ] @y -ag) #ooo+ Fyla, yoa ), -a, )

3-2
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Since Irl < Jn implies that Z)In C ZJJn , it will be sufficient to show that

1 2
S ,c Fyla,a,]@ -a)8]CF, (2, a,] (a;-2)),
n

C -
- 8 n-1 FZ I:an—l’ an] (an an—l)

Consider the first term, S; . We have

o}

i

1 1
F, [ao, a ](a -a )+ -+ Fy [agno, al:l (ay

mg

CF, [ao‘, alj(ai—ao)+---+ F, [a,. 2] (@ )
= F2 [ao, alj (—aO + a(l) - a(l) +a§ - ai S RRRE al)
= F, [a,. 2, ](a; -a))
The same argument holds for the general term and the lemma is proved.

Lemma 3. The term { >(F, SA)} is a descending collection of closed intervals.

Proof: let = (F S > and Z( , S ) be elements of the collection. Denote by
gi the collection of pomts in both (.S A and ‘SA . By lemma 2, Z)(F, S i)
(F S ) and X <F S ) C =z (I‘, 52) . Hence X <F S ) is contained in

their intersection.

Proof of Theorem 2: Let ﬁeo = NEO (GZ(A)> be an €, neighborhood of GZ(A)'
Each 3 <F S > is a closed interval and lemma 2 states that {E(Fz, SA)} is a

2 TA
descending collection. Hence we may apply lemma 1 to insure that there exists

52 such that 2 (Fz, SZ)C Neo . This is an interval X (Fz, SZ) contained in

3-3
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an open set Neo , therefore there exists and ¢ > 0 such that NE Z<<F2’ SO>>C Ne
0

i i i JO = juad « e o =
Denote the subdivision CSA = {a =Xy Xy Xgs , X, b}. Then

N€O = NEO(G(A)) DN, [Fz [xg > % g - x )"

* Ty [Xm—l ’ Xm] G~ Xm—l)] B ~I\TE‘|:2<FZ ’ S./OX)]

0 0 . .
Let N~ = Ne/n be an €/n neighborhood of the interval F2 [xo, le (x1 -X ).

6)
Assume that there is no subdivision S[x X ] of [x X ] such that
. o’ "1 o’ 71

s(F., S c N°.
1 [XO’Xl]

Denote

by ‘Sl the subdivision X Xl} of [Xo’ le ,

e .o 1 2 .
by 52 the subdivision {xo =Yg Vo Vg = xl} into 2 equal parts,

ce s e .0 1 2 3 _ ,
by 53 the subdivision {xo =Ygr Yg» Vg» ¥g = Xl} into 3 equal parts,
P 1 p .
.b S the subdivision {x = O, ,t = x_t}into equal parts, etc.
yS, 1%, Yo Yy vy = %} p equal p

Then for each p , 2 (F,, Sp) ¢ N° . Denote the right end-points of
Fz [Xo’ xlj (x1 - xo) +€/n andof X (Fl’ Sp) by r and rp respectively, for
p > 0. Foraset A wewill also use the notation r(A) and 4(A) for the right
and left end-points of A . Either there are infinitely many p for which r = ro o
or else a similar statement holds for left end-points. The former case will be treated
here. In this case there is a subsequence {Sm } C {gp} such that, for all m ,

. ) . i i+1
roE r, - In the summation 3 (Fl’ ‘Sm) there are m intervals [ym ' Yo ]all of
the same length. Denote by [am, bm] one of these for which the right end-point of

F [a , b_] is maximum.
2 m m
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Then

P‘
o]
A
L]
| —
=
ot
U
EV
|
i
f—g
i
—
| —
w
e}
<
BH
e
«
E!——i
f
OX
h
+
5]
—
—
<
EZ—-’-
<
EN
| E—
N
EN
i
e
Eb—‘
ez

1 1
<7 Fl [am,bm] Ym X> +F1 [a ’bm:]<y1’n—ym>
- -1
#eoot Fola o b ] yﬁ-yx>
1 2 -
=1 (F, [a ,bm_]<ym~xokym"y + +x1—ym%>

1
’1
kT
—
T
]
o
8
e
)
—
i
b
S

Now some subsequence of {[am , bm] converges to a point | x , x | with

X, X=X, . We will retain the notation so as to write ]_am , bm] - [x , x]

as m — o, Since Fl is continuous, {Fl [am , bm] converges to Fl [x s X ]
It follows that {r F1 [am ) bm] (x1 - XO) » since this is still a continuous function

of [am , bm] , converges to

r Fy [§,§](x1~x0) =rF, [x,x]x -x)

= er i_xo , Xl] (x1 - XO) =T, - e/n

3-6
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But every r F, [am , bm] (x1 =X E T therefore,

nl-i-ljloo F1 [am , bm] (X, = %) = 1 =T

We now have

r =71 —_—;limw r ¥, [am , bm] (x, - X) =T, - e/m

This is a contradiction. Hence our assumption was false and there exists a
R 1 )
subdivision & ~ of [xo , x1:| such that

1
2<F1,S >c Ne/p Ty [x, 0 2 1G5 %)
Similarly, there is a subdivision & of [Xi )X +1] such that
E(F 51>CN F. [x X, | (x, -~ X _-)
1’ e/n 1 -1 4V i-1

for each i=1, 2, <., n. The set ‘SA congisting of all the points in the union of

the divisions

1 2 4
S§ of [xo,x:l], §° of [xl,xzj,....,csm of [Xnml’xn]

3-6
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I8 a subdivision of [xo , xn] =[a,b]=A, and

G](A) = G [a, b] c E(F] ] ':STA)

It follows immediately from theorem 2 that if F1 and F2 are continuous functions
from # to J suchthat M € N implies F,(M) C F;(N), (i =1, 2) and

F1 [x , x] = F2 [x , x] for all x € A, then for every interval A'C A we have
G (A') = G,(A"YY with G (A') = S ¥, and G, (A" = N Accordingly, we
have the following converse theorem.

Theorem 3. Suppose F_ and F, are continuous functions from 4 to 4 such

1
that M C N implies F,(M) C F(N) (i =1, 2) . Let G, = fFl and G, = sz.
If for cvery interval A'C A we have Gl(A') = GZ(A‘) then F1 [x ) x:] =

¥, [x, x] for every x € A.

Proof: Suppose the conclusion is false; i.e., that for some x' € A we have

F [x', x'] » F, [x', x']. It suffices to show that for some A' C A such
that x' ¢ A' we have Gl(A') # GZ(A'). Denote by r Fi(X) right end-point of
Fj(X) (1 =1, 2). Without loss of generality we may assume that r F1 [x' , x'] <
T F2 [x' , x'] . The functions F1 , F2 , are continuous; hence, for some A'C A
such that x' ¢ A', wehave A" C A' = r Fl(A”) < r FZ(A”) .

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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We assert that

r G,(A") =rfF < rGy(A) =r [ Fy
A' A'

Otherwise (if r Gl(A') = r GZ(A')) , for any € > 0 there is a subdivision 52 of A’

such that r GZ(A’) >r (F2 , '52) - ¢ and a subdivision S of A' such that

r G (A' =r Z (F ,51) . Then let S be the subdivision of A' consisting of

the points X, < X; <+ x_ in either é or 5 and we have r E(F 53) >
z (F, ,S ) € . But this inequality means that

r{F1 [ %, x, ] (X -x)+... +F [x, 1 Xn]’(xn -xg 0}
ST {Fz [Xo' xl] (%, -~ %)

+,,,+F2 [xn -1’ % ](xn -xn~1)} -

it follows from the above inequality that
0 =x - Xo)(r Fy l:Xo ’ Xl] -r l:XO ’ Xl] )

.00+ (X —xn—l)(r,Fz[xn~1'Xn] -rF, [xn~1’ x"])

since ¢ is arbitrary. However, [Xinl ) xi] CA" for i=1,--, n, 8O
r F2 [xi—l’ xi] - T F1 [Xi—l’ xi:l > 0 which is a contradiction. Therefore,
r Gl(A’) <r Gz(A') and the proof is complete.

Theorem 2 and theorem 3 may be combined into the following statement:

3-8
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“ Theorem (2-3): Let oo F2 be continuous functions from J to J such that
M C N implles F (M) < F,(N) ( =1,2). Let G = JF, and G, = JF,.

Then the following are cquivalent:

() F, [x, x] = F, [x, x] for all x e A

(2) Gl(Al) = GZ(AI) for all A1 < A

Remark: Theorem 2 indicates that the integral i8 heavily dependent on the behavior

of T on the special intervals [x, x] , and little dependent on the character of F
on long intervals, It suggests that a related integral defined only in terms of intervals
[x, x] might be sought.

3-9
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Appendix A
RELATION TO ORDINARY INTEGRATION

This appendix deals with the question raised in the remark following theorem 2.

Inasmuch as X (F, &) is a descending collection of intervals, the left end-points
form a nondecreasing sequence and, hence, the left end-point of the intersection
N{zF, § ) = fAF is the limit of the left end-points of the { Z(F, $)}. In fact, if
we start with 'Sl = {a , b} and continue subdividing so that Sn consists of n
equal parts, then the left end-point of fAF is nl_Lmoo ™ >(F, Sn) , Where ™ is
defined by 1r1(K) = the left end-point of K. Define for F: j - g a function
f,: R;~R by fx) =7, F [x, x] , where R, is the largest interval in N
j.e., J 1is the set of all subintervals of Ro . Define similarly Ty and fr for

right end-points. Then we have

b b
= | f £wyds, S £,.(%) dX}
a a

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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Proof :

n n
1
L G w2 *
L_.oo n m i i+ 1| lim 5 1r2F X0 Xy
i=1 Do
Then
b n
1
f (x) d = i z ) - = i z = f .
af [, (%) dx nh_’f‘m. (fg(xp ., " %) 2 n 2 ()
=1 i=1
and
b n
S f(x) dx = lim z o £.(x)
a n —+o00 =1 !
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equals

M=

I}
—

Hence it is sufficient to prove that. nl_lglo - mF [Xi ) xi—«—l]

1

n
nl_l_’l’glo 121 o f)Z (x,) and the similar result for o F and fr . By definition

of fﬂ
n n
lim Ly xy = limz Lo Flx , x]
N0 n 4V N> A n 1 i’
i=1 i=1
and, hence, what we need to prove is that
n n.
lim'zlﬂ F[x X =1imzl7r F[x X ]
n ~+o0 . - n 1 i ! i n——»oo P n 1 i ’ i+1
i=1 i=1
Since
F [x ’Xi] C F[Xl,xl+1]
then

mFDx]E T Ry, 5, ]

Hence, it is sufficient to prove that for every positive number € there exists n,

such that n > n, implies

n

1 1
z n 1F[Xi’xi]”z o Flxx, q])<e

i=1 i=1

=
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Then

it
f=
M=
5
-
o> |
™
P
e
b
U
 D—
i
N =
=
—
=51
™
b
oy
o
s
+
—
d

But .7r1'F uniformly continuous implies that there exists tS€

_such that | X - xi+1| < 6, implies that

<7r1 Flxox]-mFlx, Xi+1]> <€
There exists n such that n > n implies 1/n < 56. Then n > n, implies
lxi ~ Xi+1'< 6€ and L F [Xi , xi] - 7r1 F [Xi , Xi+1] < €
Then n > n, implies

1/n = [% - X

ir1] < 6€ and 7r1F]:xi , Xi] - 7r1F|:xi , Xi-{-lj < €
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Hence,

n h n
n>n=\lz mF[x ,x]-mF[x ,x ]<—1-z€=;l—(ne)=e
0 n 1 i’ ™ 1 i’ i+l n = n

A similar statement holds for right end-points and the theorem is proved.

It follows trivially that if F [x , x:l is real for all x , the left and right end-points

of F[x, x] are identical and, hence,

J

b b
F=1|Jffxydx, f f(x) dx
[a, b] [ : !

a a

i.e., f[a ’ b] F reduces to ordinary integration.

Theorem 4 suggests a more general definition for JF may be feasible —namely the
right side of the equality in theorem 4. This conclusion could lead to a deletion of
the condition A C B = F(A) C F(B) . A definition of a derivative of F as the

anti-integral involving f P and fr may also prove interesting.
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