An Iterative Method for Finding Approximate Feasible Points

R. Baker Kearfott Department of Mathematics University of Southwestern Louisiana U.S.L. Box 4-1010, Lafayette, LA 70504-1010 USA email: rbk@usl.edu

Jianwei Dian Department of Mathematics University of Southwestern Louisiana U.S.L. Box 4-1010, Lafayette, LA 70504-1010 USA email: jxd6152@usl.edu

April 19, 2000

Abstract

It is of interest in various contexts to find approximate feasible points to problems that have equality, inequality and bound constraints. For example, in exhaustive search algorithms for global optimization, it is of interest to construct bounds around approximate feasible points, within which a true feasible point is proven to exist. In such exhaustive search algorithms, the approximate feasible point procedure can repeat a large number of times. So, it’s of interest to have a good algorithm that can compute approximate feasible points quickly. Random search has been suggested. But we will show with both theoretical analysis and test results that more is needed. We have developed and tested a technique of computing approximate feasible points, which combines random search with a generalized Newton method for underdetermined systems. The test results indicate that this technique works well.

keywords: constrained optimization, underdetermined systems, generalized inverse, feasibility

1 Introduction

A typical context in which the problem of finding approximate feasible points arises is equality, inequality and bound constrained global optimization problems. Such an optimization problem can be stated as

minimize ϕ(X) subject to c_i(X) = 0, i = 1, ..., p g_j (X) ≤ 0, j = 1, ..., q a_{kl} ≤ x_{kl} ≤ b_{kl} , l = 1, ..., m, (1)

where X = (x_1, x_2, ..., x_n)^T .

In exhaustive search algorithms for global optimization, an upper bound ϕ for the global minimum of the objective function ϕ is invaluable in eliminating regions over which the range of ϕ lies above ϕ . (See [4] or [1] for recent effective algorithms.) A rigorous upper bound ϕ can be obtained with interval arithmetic by evaluating ϕ over a small region X containing an approximate minimizer. However, in constrained problems such as Problem 1, a rigorous upper bound is obtained with this process only if it is certain that X contains a feasible point (See [5].)

Generally, if a good approximation to a feasible point (or solution of the constraints) is known, interval Newton methods can prove that an actual feasible point exists within specified bounds, at a small fraction of the total cost of an exhaustive search algorithm that finds optima. Thus, finding approximate feasible points by a floating point algorithm is of interest in this context.

Random search has been suggested for finding approximate feasible points. But this method is inadequate for many problems. We will show this and demonstrate an improved method, with both theoretical analysis in §2 and test results in §6.

In §3, we will present our algorithm. The test results will be presented in §6. In [5], inequality constraints in Problem 1 were handled by introducing slack variables s_j + g_j(X) = 0 along with the bound constraint 0 ≤ s_j ≤ ∞. In the algorithm here, the inequality constraints are handled directly. This will facilitate the process of finding approximate feasible points and will also benefit the overall algorithms for equality, inequality and bound constrained global optimization. Discussion of this issue appears in §4, and empirical comparisons appear in §6.

In §5, we describe the test problems and test environment. In §6, we present the empirical results mentioned above and make comparisons.

2 Random Search

The idea is that we randomly generate a point in the search region, which is specified by the bound constraints and search limits. We then check if the point is an approximate feasible point within a given error tolerance. We can repeat this process until we find a feasible point. Alternately, we can repeat the process for a fixed number of times and locate the approximate feasible point with minimum objective function value, if there are any such points. The algorithm used here follows the second pattern.

Algorithm 1 (Random search)

DO for I=1 to Ntries 1. Randomly generate a point in the search region. 2. Check if the point in step 1 is an approximate feasible point.

END DO End Algorithm 1 By analyzing the probability of finding an approximate feasible point in the search region, we can see that this technique is too expensive to be practical in most cases where there are equality constraints. To simplify the analysis, let’s assume each dimension of the search region has length L, i.e. a_i ≤ x_i ≤ b_i, b_i − a_i = L, i = 1, ..., n. The volume of the search region is then L^n. Normally, the feasible region for the equality and inequality constraints consists of manifolds of dimension n − p. Let the error tolerance for the approximate feasible points be ϵ. Then the volume of the approximate feasible region is O(L^{n−p}(2ϵ)^p). Figure 1 illustrates this situation, where n = 2, p = 1, c_1(x) = x_2 − 0.5x_1.

Thus, the probability of finding an approximate feasible point in the search region is^{O(Ln−p(2ϵ)p)}_{Ln} = O((^{2ϵ}_L )^p). This implies the need to generate

Ntries = O(( L 2ϵ )^p) (2)

random points, on average, to find one approximate feasible point. In most cases, this is too expensive to be practical. For example, problem wolfe3 in §6 is a simple problem, where n = 3, p = 2, L = 2, ϵ = 10^{−6}. Assuming a coefficient of 1 in (2),we would need to generate approximately 10^{12} random points to find one approximate feasible point. As seen in Table 1 in §6, processing of 10^6 randomly generated points needs 6846.16 STU (Standard Times Units; see §5). Also, according to our tests the processing time for a particular problem is proportional to the number of random points generated. Thus, we would need to spend

10^{12} ×

6846.16 10^6

= 6846160000 STU ≈ 79325 hours

to find one approximate feasible point for the problem wolfe3. For problems containing more equality constraints, the situation could be much worse.

If a problem contains only inequality constraints, random search could work better than cases in which equality constraints are involved, since the volume of the approximate feasible region could be of the same order of magnitude as that of the search region. (See test results in §6.)

3 Our Technique

The idea is that we randomly generate a point in the search region. We then use it as a starting point for an iterative process. The iterative process, if successful, will return an approximate feasible point, to within a specified tolerance. We can repeat this procedure until we find a feasible point, or, we can repeat it for a fixed number of times and locate the approximate feasible point, if there are any, with the minimum objective function value. The algorithm here follows the second pattern.

Algorithm 2 (Random search with iterative location) c_1(x) = 0

ϵ

(−1, −1) (1, −1)

(1, 1)

(−1, 1)

L = 2

Length l =^{√5}_2 L

Area = 2ϵl = √ 5ϵL

Figure 1: Band of approximate feasibility about an equality constraint; c_1(x) = x_2 − 0.5x_1

DO for I=1 to Ntries

1. Randomly generate a point in the search region. 2. Take the point in step 1 as an initial guess and call a routine that iteratively finds an approximate feasible point.

3. Check if the output in step 2 is an approximate feasible point. END DO End Algorithm 2 In the above algorithm, step 2 is the core part. Most of the execution time will be spent on that step. Thus, the efficiency of step 2 will determine the efficiency of the entire algorithm. To do step 2, our routine takes advantage of a generalized Newton method for underdetermined systems. The method is an iterative method with locally quadratic convergence under normal conditions. (For details, see [7].) The iterations are according to the following formula.

X̃ ←− X − [c^′(X)]^+c(X) (3)

where, c(X) = (c_1(X), c_2(X), ..., c_p(X))^T , c^′(X) is the Jacobian matrix and [c^′(X)]^+ is the pseudo inverse (Moore-Penrose inverse) of c^′(X).

Handling inequality and bound constraints are two other important issues, since they also directly affect the efficiency of our routine for step 2. We treat inequality and bound constraints in the next section.

4 Handling Inequalities

This section concentrates on the step 2 of Algorithm 2

In [5], inequality constraints g_j (X) ≤ 0 were handled by introducing slack variables s_j + g_j(X) = 0 along with the bound constraints 0 ≤ s_j ≤ ∞. The corresponding algorithm is presented below.

Algorithm 3 (For the step 2 of Algorithm 2)

1. If X is approximately feasible, then Return X; STOP End if 2. Use iteration equation (3) to get X̃.

If X̃ is not in the search region, then

Return X; STOP End if

3. If ‖X̃ − X‖ ≤ ϵdomain max{‖X‖, 1}, then Return X̃; STOP Else

X ←− X̃; Go to step 1. End if End Algorithm 3 This technique has disadvantages. Inactive inequality constraints can be ignored. But if inequality constraints are transformed to equality constraints, they will always be present in the system. Transforming to equality constraints increases the number of independent variables and number of bound constraints, so each step is more costly. Also, the entire approximate feasible point scheme is often embedded into a global optimization algorithm, and such algorithms are sometimes less efficient when the number of bound constraints is too large.

Next, we present our algorithm that handles inequality constraints without slack variables.

Algorithm 4 (For the step 2 of Algorithm 2)

1. If X is approximately feasible, then Return X; STOP End if 2. If max{g_j(X)|j = 1, 2, ..., q} ≤ ϵ, then 2a) Use iteration equation (3) to get X̃. 2b) If X̃ is not in the search region, then

Return X; STOP End if Else

2c) Find all the violated inequality constraints, that is, find all j^′ for which g_j′ (X) > ϵ;

Update the system of inequality constraints to exclude these g_j′ (X) ≤ 0;

Update the system of equality constraints to include these g_j′ (X) = 0.

2d) Use (3) to get X̃.

2e) If X̃ is not in the search region, then

Return X; STOP End if

2f) If the present system of inequality constraints is not empty and max{g_j(X̃)|j = 1, 2, ..., q^′} > ϵ, then Go to 2c End if End if 3. If ‖X̃ − X‖ ≤ ϵdomain max{‖X‖, 1}, then Return X̃; STOP Else

X ←− X̃; Go to step 1. End if End Algorithm 4 Comparing with transforming to equality constraints, the technique of Algorithm 4 has the following advantages.

• It ignores inactive inequality constraints. It only increases the number of equality constraints when necessary.

• It doesn’t introduce new variables or new bound constraints, since it doesn’t introduce slack variables.

The test results in §6 corroborate that the technique of Algorithm 4 is better for finding approximate feasible points than transforming to equality constraints.

A final notable issue concerning inequalities is the way we distinguish inequality constraints and bound constraints. We are assuming that the expressions in the objective function, equality constraints and inequality constraints can be evaluated in the search region specified by bound constraints and search limits. If this assumption is true, the algorithm will be robust without special exception handling. We check that the iteration point stays within the search region at each step. If not, we simply stop the iterations and return the X from the last step. (We do not check violation of general inequality constraints in the same way.)

In fact, we have tried methods other than the generalized Newton method to handle the case when X̃ in (3) goes out of the search region. But they were not significantly better than just stopping the iterations. How to remedy when X̃ goes out of the bound box needs and also deserves further study, since improvements will increase the efficiency of the algorithm.

5 Test Problems and Test Environment

5.1 The Test Set

The set of test problems is the same as that in [5]. Five problems were taken from [3]. They were selected to be non-trivial problems with a variety of constraint types, as well as differing numbers of variables, inequality constraints, equality constraints and bound constraints. The remaining three problems were taken from [8]. They are relatively simpler. Each problem is identified with a mnemonic, given below.

fphe1 is the first heat exchanger network test problem in [3, pages 63-66].

fpnlp3 is the third nonlinear programming test problem in [3, page 30].

fpnlp6 is the sixth nonlinear programming test problem in [3, page 30].

fppb1 is the first pooling-blending test problem in [3, page 59].

fpqp3 is the third quadratic programming test problem in [3, pages 8-9].

gould is the first test problem in [8].

bracken is the second test problem in [8].

wolfe3 is the third test problem in [8].

5.2 Implementation Environment

The algorithms in §2, §3 and §4 were programmed in the Fortran 90 environment developed and described in [6]. Similarly, the functions described in §5.1 were programmed using the same Fortran 90 system, and an internal symbolic representation of the objective function, constraints and Jacobian matrix of the constraints was generated prior to execution of the numerical tests. In the actual tests, generic routines then interpreted this internal representation to obtain both floating point and internal values and Jacobian matrices.

The LINPACK routine DSVDC was used to compute the pseudo inverse in iteration equation (3).

The Sun Fortran 90 compiler version 1.2 was used on a Sparc Ultra model 140. Execution times were measured using the routine DSECND. All times are given in terms of Standard Times Units (STU’s), defined in [2], pp 12–14. On the system used, an STU is approximately 0.0417124 CPU seconds.

6 Test Results

In Table 1, we present test results of random search, the iterative technique with equality constraints and slack variables, and the iterative technique with inequality constraints treated directly. The column labels of the table are as follows.

Problem Names of the problems identified in §5.1. Method Methods used to solve the problems.

pure-rand refers to the random search technique (Algorithm 1)

slack refers to the slack variables technique (Algorithm 2 with Algorithm 3)

rand-GN refers to our technique with inequality constraint treated directly (Algorithm 2 with Algorithm 4) Var Number of independent variables. Eq’s Number of equality constraints. Ineq’s Number of inequality constraints.

Random Points Number of randomly generated points. Feasible Points Number of approximate feasible points found by the algorithm.

All-time Overall time measured in STU’s.

One-time Average time for finding one approximate feasible point, measured in STU’s.

Table 1: Results of the Three Methods

Random Feasible Problem Method Var Eq’s Ineq’s Points Points All-time One-time fphe1 pure-rand 16 13 0 10^6 0 57584.94 ∞ slack 16 13 0 100 1 79.66 79.66 rand-GN 16 13 0 100 1 78.28 78.28 fpnlp3 pure-rand 4 1 2 10^6 0 10605.93 † slack 6 3 0 100 18 5.17 0.29 rand-GN 4 1 2 100 42 3.40 0.08 fpnlp6 pure-rand 2 0 2 100 41 0.96 0.02 slack 4 2 0 100 77 9.45 0.12 rand-GN 2 0 2 100 100 2.89 0.03 fppb1 pure-rand 9 4 2 10^6 0 19330.34 ∞ slack 11 6 0 100 19 23.60 1.24 rand-GN 9 4 2 100 29 24.35 0.84 fpqp3 pure-rand 13 0 9 100 2 3.37 1.68 slack 22 9 0 10000 3 6021.11 2007.04 rand-GN 13 0 9 100 6 15.86 2.64 gould pure-rand 2 0 2 10^6 0 305.58 † slack 4 2 0 100 1 2.77 2.77 rand-GN 2 0 2 100 80 9.26 0.12 bracken pure-rand 2 1 1 10^6 0 6653.80 † slack 3 2 0 100 57 4.85 0.09 rand-GN 2 1 1 100 95 9.00 0.09 wolfe3 pure-rand 3 2 0 10^6 0 6846.16 ∞ slack 3 2 0 100 49 5.12 0.10 rand-GN 3 2 0 100 49 4.91 0.10 total pure-rand 51 21 18 * * * * slack 69 39 0 10700 225 6151.73 27.34 rand-GN 51 21 18 800 402 147.95 0.37

For all tests, the error tolerance for both equality and inequality constraints is 10^{−6}.

With pure random search, we found no approximate feasible points for problems fphe1, fppb1 and wolfe3 when we used 10^6 randomly generated points. The processing times for 10^6 random points and the formula (2) in §2, with O((^L_{2ϵ} )^p) = (^L_{2ϵ} )^p, indicate that it would be impractical to find any approximate feasible points for the three problems with pure random search. Because of this, we use ∞ to denote the expected average time for finding one feasible point for each of the three problems.

Random search succeeded when the probability of finding one approximate feasible point was not too small. For example, in problem fpnlp6, the area of the search region is 12 and the area of the approximate feasible region is 5.3048. Thus, the probability of finding an approximate feasible point with one sample point is 0.4421. We expect to find one approximate feasible point with every 2.2619 random points. The test result coincides with this probability analysis.

When the probability of finding one approximate feasible point is too small, random search failed to find any approximate feasible points, even though we produced more random points than the number expected to be needed to find one approximate feasible point. For example, in problem bracken, the area of the search region is 0.25 and the area of the approximate feasible region is 0.72197 × 10^{−6}. Thus, the probability of finding one approximate feasible point is 2.8879 × 10^{−6}. We expect to find one approximate feasible point in 3.4627 × 10^5 random points. We tried 10^6 random points without finding any approximate feasible points. In Table 1, we use † to represent the expected average time for finding one feasible point, if this happened.

In Table 1, * indicates a number that is meaningless to compute, since random search is impractical for some of the problems.

The following analysis of the different techniques is made with regard to average time for finding one feasible point. Comparison with Random Search

The test results reveal that random search is too expensive to be practical if there are equality constraints. If there are only inequality constraints, random search could succeed. It succeeded in the problems fpnlp6 and fpqp3, and failed in the problem gould. For problems fpnlp6 and fpqp3, the iterative technique with direct treatment of inequality constraints was not significantly worse. For overall performance on the eight problems, the iterative technique with direct treatment of inequality constraints is much better than random search, and actually, random search is impractical.

Comparison of Introduction of Slack Variables with Direct Treatment of Inequalities

The test results clearly show the superiority of direct treatment of inequality constraints. For overall performance on the eight problems, direct treatment of inequality constraints is 72 times faster than introduction of slack variables.

When there are only equality constraints, the main algorithmic structures of the two methods are the same. Problems fphe1 and wolfe3 only have equality constraints. Differences of the running times of the two methods were due to minor programming differences and accuracy of the system routine that gives CPU time.

References

[1] O. Caprani, B. Godthaab, and K. Madsen. Use of a real-valued local minimum in parallel interval global optimization. Interval Computations, 1993(2):71–82, 1993.

[2] L. C. W. Dixon and G. P. Szegö. The global optimization problem:

An introduction. In L. C. W. Dixon and G. P. Szegö, editors, Towards Global Optimization 2, pages 1–15, Amsterdam, Netherlands, 1978. North-Holland.

[3] C. A. Floudas and P. M. Pardalos. A Collection of Test Problems for Constrained Global Optimization Algorithms. Lecture Notes in Computer Science no. 455. Springer-Verlag, New York, 1990.

[4] C. Jansson and O. Knüppel. A global minimization method: The multidimensional case. Technical Report 92.1, Informationstechnik, Technische Uni. Hamburg–Harburg, 1992.

[5] R. B. Kearfott. On proving existence of feasible points in equality constrained optimization problems, 1994. Accepted for publication in Math. Prog.

[6] R. B. Kearfott. A Fortran 90 environment for research and prototyping of enclosure algorithms for nonlinear equations and global optimization. ACM Trans. Math. Software, 21(1):63–78, March 1995.

[7] M. Shub. The implicit function theorem revisited. IBM J. Res. Develop., 38(3):259–264, May 1994.

[8] M. A. Wolfe. An interval algorithm for constrained global optimization.

J. Comput. Appl. Math., 50:605–612, 1994.